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ABSTRACT 
Transport properties of concentrated suspensions are of interest to many industries. Many 
process streams are slurries of varying concentration. Mineral slurries at higher solids 
concentrations have shown some rheologically interesting characteristics. Shear thickening, the 
increase of viscosity of a multi-phase mixture with increasing shear rate, is just one such 
characteristic.  Much of the literature on the subject examines colloidal suspensions leaving 
coarse particle suspensions relatively unexplored.  Some aspects of the viscosity-shear rate 
relationship often reported are a non-monotonically increasing function with a local maximum, a 
discontinuous function, or including a “critical shear rate” as the point where shear thickening 
commences.  The general literature on the rheology of suspensions records the presence of yield 
stresses, shear thinning and normal stress differences.  Little is said specifically about shear 
thickening behaviour except for colloidal suspensions. 
The aim of this study is to examine the behaviour of coarse shear thickening suspensions and 
determine the causes of this phenomenon.  By examining the shear thickening behaviour of 
suspensions that are either mineral slurries or suspensions that display similar behaviour, it is 
intended to achieve the following objectives; 
• To determine or develop the appropriate techniques for rheometric studies of shear 
thickening suspensions 
• To investigate the nature of particle-fluid interaction and the changes in particle-particle 
interaction under shear in a shear thickening suspension 
• To develop a model of shear thickening  behaviour as it occurs in coarse (i.e. non-
colloidal) suspensions  
• To develop a method of applying the rheology results to flows and flow geometries of 
practical relevance, such as pipeline flow. 
The effects of wall slip dominate much of the literature of shear thickening materials.  To 
investigate this aspect a significant portion of the experimental work examined the effect of shear 
thickening on torsional flow.  The rheogram produced from parallel plate rheometry was 
reassessed as a non-controlled flow and a rheology model dependant analysis demonstrated that 
the effects of slip are considerably more problematic for shear thickening suspensions, 
particularly as wall slip is an increasing function of shear stress.  By using a model suspension of 
maize starch and ethylene glycol a combined experimental and analytical technique was 
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developed for producing the corrected rheogram of the bulk suspension.  A simplified 
description of the observed shear thickening behaviour in coarse suspensions was produced by 
the introduction of slip boundary conditions. This approach was used throughout the rest of the 
study to produce rheograms of the model suspension at different concentrations and suspending 
medium viscosity.  
As a consequence of the rheometric method described above it was observed that the rate of 
change of the first normal stress difference, N1, with shear rate changes as shear thickening 
commences for non-colloidal suspensions.  N1 is initially negative and is increasingly negative at 
low shear rates.  This is similar behaviour to that observed for a concentrated shear thinning 
suspension that displays a yield stress. At higher shear rates N1 passes through a minimum, after 
the viscosity minimum has been passed.  N1 then becomes increasingly positive with shear rate to 
the limits of the measurement technique.  This change in N1 behaviour is unique to shear 
thickening suspensions. 
Additional rheometric analysis examined the transient effects in the behaviour of a non-colloidal 
shear thickening suspension. By employing large angle oscillating strain tests the strain required 
to initiate a shear thickening response was determined.  This was later compared to the value that 
would be expected by examining the particle-particle interaction using a model developed as part 
of this work.  Relaxation times were also measured and found to be small as would be expected 
for the type of particle-particle interaction exhibited in non-colloidal suspensions.   
Coherent back scattering of laser light experiments were able to show the change in orientation 
of the particles with respect to its rotation around the vorticity axis.  Experiments were 
conducted using parallel plate rheometry at rest and under shear.  This was compared to 
measured viscosity changes.  It was seen that the particle orientation changed from random when 
at rest to increasingly in line with the direction of flow as the shear rate increased.  After a 
viscosity minimum was reached the orientation became more random as particle rotation and 
lamina disruption occurred.  This was considered to be the cause of the measured shear 
thickening. 
A model of shear thickening in concentrated, non-colloidal suspensions of non-spherical particles 
was developed.  Based on hydrodynamic interaction in the Stokes flow regime, the flow of 
interstitial fluid subjected the adjacent particles to lubricating and Couette type forces, acting as a 
couple.  These were countered by the force due to squeezing flow.  When a series of force 
balances on a particle contained between two moving laminae are conducted as a time sequence, 
the particle orientation and motion can be observed.  The particle oscillates around a mean value, 
 vi
similar to the angle measured by the coherent back scattering experiments.  This oscillation 
produces an increased viscosity over that of the suspending medium, but a shear thickening 
effect only arises as a consequence of particle instabilities, which cause disruption of the 
adjoining lamina.  An equation for shear thickening component of suspension viscosity was 
derived from this approach.  The model has qualitative agreement with several aspects of the 
experimentally observed behaviour of shear thickening suspensions, such as viscosity change with 
shear rate and concentration, and the first normal stress difference increasing with shear rate.  
The model also implies that the onset of shear thickening is not a definable point and the 
processes that cause a viscosity increase are active at any shear stress above the yield stress.   
Pipe line flow experiments were conducted on the model suspension.  The pressure drop-flow 
rate behaviour for shear thickening suspensions could not be predicted successfully with 
rotational rheometry data alone.  It was necessary to allow for wall slip and particle settling.    
Particle settling produces unusual patterns in shear thickening suspensions, with an annulus of 
delayed settling near the wall.  This complicates the procedure for estimating pressure drop. 
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CHAPTER 1 INTRODUCTION 
1.1 Purpose and scope 
The study of the transport properties of concentrated suspensions is of great interest to mineral 
processors.  Many process streams within a mine site or metal ore processing plant are slurries of 
varying concentration.  Of special interest are the mineral tailings streams that exit the plant.  In 
many areas of Australia (and overseas) the need to process mineral slurries at higher solids 
concentrations is driven by a scarcity of water, the environmental impact of tailings disposal 
methods such as dams or tailings stacks and the cost benefits of recycling water and process 
chemicals.   
The trend towards concentrated suspensions used in the disposal of mineral tailings or other 
complex multi-phase mixtures for mineral processing has produced many rheologically 
interesting materials.  For example bauxite red mud (Nguyen & Boger 1987) with its thixotropic 
behaviour and nickel laterite (Blakey & James 2002, James & Blakey 2004) which develops high 
viscosities at low particle concentrations have both been the subject of study.  If, as is asserted by 
Barnes (1989b), “all concentrated suspensions of non-aggregating solid particles in water or other 
suspending media, if measured in the correct shear rate range, will always show shear thickening 
behaviour” then one possible consequence of this trend is the increased occurrence of shear 
thickening behaviour in industrially important process streams.  Whether it is true to say that all 
suspensions behave in this way or not, it is certain that there are many references to its occurrence 
and the field is increasingly populated with examples.  In Metzner and Whitlock (1958) the 
authors “compile all the available quantitative data on dilatancy (shear thickening)” and cite 17 
works.  In a review article on the topic Barnes (1989b) cites over 100 papers on the topic of shear 
thickening and has in turn been cited 125 times in the following 10 years1 for that same review 
article.  This is slow growth compared to some other fields but is indicative of a growing 
awareness of the issue, and number of known shear thickening suspensions.   
Shear thickening is the increase of viscosity of a multi-phase mixture with increasing shear rate.  
The viscosity-shear rate relationship is often reported as not being a monotonically increasing 
function (Boersma et al 1990, Hoffman 1982) which implies that competing processes are 
involved.  A local maximum or “hump” in reported rheograms is a characteristic of much of 
literature on shear thickening.   The critical shear rate is often cited as the point where shear 
thickening commences, and some effort has been directed towards predicting where it will occur 
(Hoffman 1972,  Boersma et al 1990, or the critical shear stress in Striven, 1976).  These two 
                                                 
1 Source; Science Citation Index, published by Thomson Scientific 
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concepts have coloured the research of shear thickening suspensions and any study of the 
fundamentals of the topic needs to address both the relevance and possible causes of these 
phenomena. 
The aim of this study is to examine the behaviour of coarse shear thickening suspensions and 
determine the causes of this phenomenon.  By examining the shear thickening behaviour of 
suspensions that are either mineral slurries or suspensions that display similar behaviour, it is 
intended to achieve the following objectives; 
• To determine or develop the appropriate techniques for rheometric studies of shear 
thickening suspensions 
• To investigate the nature of particle-fluid interaction and the changes in particle-particle 
interactions under shear in a shear thickening suspension 
• To develop a model of shear thickening  behaviour as it occurs in coarse (i.e. non-
colloidal) suspensions  
• To develop a method of applying the rheology results to flows and flow geometries of 
practical relevance, such as pipeline flow. 
The scope of this study will encompass the rheological behaviour of concentrated shear 
thickening mineral slurries with coarse particles, coarse being defined for this study as meaning 
large enough to not display colloidal behaviour.  The behaviour of colloids is a widely studied 
field and the majority of publications on shear thickening suspensions are for colloidal systems 
(Hoffman, 1974, Bergenholtz et al, 2002, Lee & Wagner, 2003 as a small sample).  Very little has 
been written on the coarse particle shear thickening suspensions. 
Mineral slurries can be considered as two phase systems with the continuous phase displaying 
Newtonian or non-Newtonian viscosity behaviour.  This study will be confined to a continuous 
phase of Newtonian viscosity with the shear thickening effects arising from the disperse phase 
and its interactions.  The flow regimes of interest are confined to laminar, plane Couette flow,   
torsional flow and pipe flow.  The restriction to laminar flow is not merely to simplify the 
analysis, but has a practical aspect as producing turbulent flow in a shear thickening suspension 
requires high power input, assuming it is indeed possible.   
The development of the necessary rheometric techniques and associated analysis that are needed 
for the characterisation of concentrated shear thickening suspensions are part of this study.  
Similarly, the development of light scattering methods to investigate the arrangement of the 
disperse phase under shear will also be required for this study.  
 
  3
1.2 Methodology  
Some of the questions that need to be addressed in this project are as follows; 
1). What is the correct interpretation of the rheograms of shear thickening suspensions that 
appear in the literature?  The appearance of discontinuities and non-monotonic viscosity curves 
may be artefacts of rheometry and not real phenomena.  The answer to this question will have 
major implications for the understanding of the causes of shear thickening. 
2). The  “critical shear rate” is often reported when describing the rheogram of a shear thickening 
suspension as the point where shear thickening begins.  Is this a point of true transition, a phase 
change perhaps, or simply a graphical quirk? 
3). In some of the early work on shear thickening suspensions moderately coarse, non-interacting 
(i.e. non-colloidal) arrangements were modelled, particularly by Reiner (1945).  In this case 
volume dilatancy was the exclusive mechanism causing shear thickening. It needs to be shown 
whether this is a mechanism that causes shear thickening or merely a phenomenon that has the 
same root cause? Tied to this question are considerations of what first normal stress difference 
behaviour can be expected from a shear thickening suspension? 
4). Is it possible to correctly estimate pipe line pressure drops from rotational rheometry data for 
shear thickening suspensions?  If so are the effects of wall slip and settling similar to those for 
Newtonian and shear thinning suspensions? A related fundamental question is; what is the effect 
of a non-constant shear field that would be experienced in a pipe or Couette rheometer, on the 
rheology of shear thickening suspensions?  
In providing answers to these questions several experimental procedures will be undertaken.  
Rheological characterisation will be conducted on shear thickening suspensions of coarse 
particles that display a yield stress and other characteristics common to shear thickening mineral 
suspensions.  It is more than just convenience that drives the choice of using an analogue in place 
of a real suspension, but also having the ability to control many aspects of the suspension such as 
concentration or suspending medium viscosity.  The rheometry will be conducted using different 
flow geometries to uncover any possible artefact.  The rheological data will be compared to    
pipe line data for the same suspension, determining its predictive ability. 
Other techniques will be employed to examine the internal arrangement of particles in the 
suspension, at rest and under an imposed shear.  Light scattering measurements and transient 
shear tests will provide further information on particle orientation and interaction.  Ultimately a 
simple model of particle-fluid interaction will be developed to see if it will predict a shear 
thickening effect in the absence of any electrostatic or other electric charge based forces, as 
would be expected to represent a suspension of coarse particles.  The success of this model will 
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be assessed by how well it simulates the known effects of parameter changes on rheological 
outcomes, and its usefulness will come from its ability to make predictions or suggestions for 
further investigation.  
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CHAPTER 2 REVIEW OF RELEVANT LITERATURE 
2.1 Outline 
There is an expanding body of literature on the field of shear thickening suspensions generally.  
Barnes (1989b) in his major review article refers to over 100 articles gathered from 1935 to 1989, 
and in the intervening eighteen years it has grown to several times larger, depending on what 
criteria are applied for selection.  The majority of these articles from either period, however, refer 
to the work conducted on colloidal suspensions, for example; Lee & Wagner (2003), Laun et al 
(1992), Hu, et al., (1998), Hoffman (1972), Chow & Zukoski (1995) and Boersma et al (1990).  
While many of the macroscopic features of the rheology will be similar with non-colloidal 
particles studied here the mechanisms causing rheological change will often be dissimilar due to 
the dominance of hydrodynamic forces over any particle forces. 
With the above limitations in mind the appropriate literature to describe the state of the art in the 
rheology of coarse, shear thickening suspensions is drawn from the well represented but poorly 
understood area of concentrated suspensions generally for features such as yield stresses, normal 
stress differences and concentration dependence.  The literature on colloidal shear thickening 
suspensions is cited here for comparison and some common features with coarse shear 
thickening suspensions.  It is noted that most non-industrial suspensions studied contain 
spherical particles. 
The effects of wall slip figure prominently in the experimental section of this work.  Fortunately 
it is a field with a long history of developments to remove or resolve its effects (starting with 
Mooney 1931).  It is possible to draw examples from many different materials, including 
homogeneous fluids, but the effects of shear thickening will enhance any wall slip phenomena 
and so will require particular attention.  Of the current literature on the subject of wall slip almost 
none of it (knowingly) refers to shear thickening materials. 
2.2 Concentrated Suspensions 
2.2.1 Yield stress  
There are a limited number of studies that attempt to relate the physical properties of particles to 
the yield stress response of suspensions. Thomas (1961) fitted viscosity measurements of 
flocculated suspensions (up to a volume fraction, Cv = 0.23) to the Bingham plastic model to 
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extract estimates of the yield stress and plastic viscosity (coefficient of rigidity) from physical 
properties of the suspension components.  Higher concentrations of non-Newtonian 
suspensions were examined by Gay et al. (1969) by varying the properties of the solid particles 
and carrier fluid.  No analysis of the mechanisms responsible for causing yield stress was made.  
The effects of surface chemistry on rheology, such as van der Waals and electrical double layer 
forces has been related to the yield stress of suspensions of spheres by Scales et al (1998).  The 
yield stress was found to be a strong function of the zeta potential and at a maximum when the 
zeta potential is zero (the iso-electric point).    The relationship is more complicated in mineral 
suspensions and does not simply rely on one parameter, Franks et al (1999).  The studies cited 
above all relate to colloidal suspensions where inter-particle forces are significant, the yield stress 
is often related to the breaking of bonds or the breaking up of agglomerates.  This is not the case 
for the current study where the particles considered are larger (> 1μm) and other forces 
dominate. 
The presence of a static yield stress in dense suspensions is familiar to those working with them 
regularly and their existence has been established convincingly by  Husband et al. (1993) and by 
Huang et al. (2005) amongst others.  Through the course of several studies on suspensions of 
non-colloidal spheres in Newtonian suspending media, Ovarlez et al (2006),  it has been found 
that at low shear rates the shear stress is near constant (i.e. displays yield stress behaviour), similar 
to the behaviour of sheared dry granular materials.  Similarly the first normal stress difference is 
proportional to the shear stress, again as is observed in sheared dry granular materials (see also 
§2.2.2).  The stress tensor for a Coulombic granular material has non-zero components (derived 
from inter-particle friction and cohesion) under zero shear, see Massoudi (2005).  For high 
concentration suspensions the granular type behaviour where inter-particle friction dominates 
continues up to shear rates where the lubricating forces become significant. 
Several studies have characterised suspension yield stresses without regard to fundamental causes, 
e.g. see Turian (1997), which is useful mainly for data reduction.  One particular example of a 
dimensional approach to describing the behaviour of concentrated suspension is described by 
Dabak & Yucel (1987) where amongst other findings the yield stress was said to be a function of 
Cv3.  An examination of their equations, equation (1), however, shows this to be true only for 
moderate concentrations,  and the yield stress more generally scales as
vvm
v
CC
C
−
3
.   
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 Where vmC  is the maximum packing fraction. 
Wildemuth and Williams (1984) characterised suspension microstructure with a shear-dependent 
maximum packing concentration, Cvm(τ).  In their interpretation yield stress occurs when Cv< 
Cvm(τ).  Their work will be discussed further in §2.2.3. 
The studies cited above do not refer specifically to shear thickening suspensions as the two 
phenomena occur in different regions, and the yield stress behaviour described here equally 
applies to shear thickening suspensions.   
2.2.2 Normal stresses 
Normal stress differences are recorded in elastic and visco-elastic materials, most notably in 
polymer melts and solutions (Barnes et al 1989a, Larson 1992).  In such cases measurements 
frequently show a  positive first normal stress difference (τ11-τ22, where 1 is the flow direction and 
2 is the shear direction, written as N1) and a zero or smaller and negative second normal stress 
difference (τ22-τ33, where 3 is the vorticity direction, written as N2),  see Bird et al (1987) and 
Tanner (1992). For suspensions the situation is less clear as normal stress differences are difficult 
to measure.  Early work by Bagnold (1954) found that for suspensions of spheres N1 is 
proportional to shear stress and shear rate for a wide range of concentrations in what was called 
the “macroviscous” region (small shear rates, high viscosity).  N1 was said to scale as a function 
of shear rate and suspending medium viscosity, η, thus; 
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The claim of a linear relation between shear stress and shear rate does not correlate well with the 
majority of current literature on suspensions (see §2.2 above).  In addition Hunt et al (2002) 
found via simulations that as the experiments Bagnold conducted were marred by the design of 
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the experimental apparatus, the relationships are of limited reliability.  Prasad and Kytomaa 
(1995) conducted experiments with conceptually similar apparatus and concentrated suspensions 
of 2 mm spheres.  They recorded N1 as always positive for a range of concentrations, but having 
minima at intermediate shear rates.  As they also recorded τ(γ˙) with a similar set of minima, no 
presentation of hysteresis results and no theoretical explanation for either event it is most likely 
these results suffer from perturbation effects (such as wall slip, shear localisation or particle 
migration) and were simply recording a series of artefacts.  
Some experimental results are available from Zarraga and Leighton (2000) using torsional flow 
and profilometry of the suspension surface deflection near a rotating rod. Using a non-colloidal 
suspension of spheres in a Newtonian fluid, they show that both N1 and N2 are negative and 
proportional to the shear stress, and that |N2| > |N1|.  Further, in Zarraga et al (2001) the 
magnitude of N1 and N2 increased with the solids volume fraction (Cv) and the ratio |N1/N2| 
decreased as Cv increased.  In both cases the flow induced a positive particle phase pressure. 
All the suspensions discussed in the papers mentioned above are either Newtonian or shear 
thinning.  Lootens et al (2005) using a 1 μm roughened silica suspension found negative N1 at low 
concentrations and positive N1 at higher concentrations.  Higher concentrations of their 
suspension, Cv > 0.43, became shear thickening, but some shear thickening suspensions displayed 
negative N1 values for the range of shear rates tested, without displaying positive N1.  For the 
shear thickening region N1 was proportional to shear stress (allowing for considerable scatter in 
the data).   Jomha and Reynolds (1993) with their experimental work that included colloidal, 
concentrated clay suspensions and small polymer spheres found that N1 was positive and 
proportional to τ2, but changed when the suspension becomes shear thickening, remaining 
positive but proportional to a lower power of τ.  In the experimental work of Laun (1994) with 
294 nm polymer spheres in glycol (Cv = 0.587) it was found that the suspensions showed shear 
thickening and N1 = -τ and N2= -½ N1.  Unfortunately the results presented are affected by wall 
slip (as seen by differing results from different geometries) and his conclusions are not exclusively 
supported by the data.  Hess (1994) modelled the N1 and N2 behaviour based on similar work by 
Laun (1993), on a shear thickening suspension of liquid crystals (which again showed the same 
normal force behaviour), modelling the liquid crystal clusters as ellipsoids that have an alignment 
to the direction of the flow.  Hess predicted that N1 is positive for prolate ellipsoids and negative 
for oblate ellipsoids.  
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The presence of edge fracture in a rotational rheometer, either cone and plate or parallel plate, is 
a strong indication of large second normal stress differences, Lee et al (1992) and  Jomha and 
Reynolds (1993) report experimental evidence of this effect, the former with suspensions and the 
latter with polymers.  This effect will also contribute to the widely observed poor reproducibility 
of normal force measurements for concentrated suspensions (Ohl and Gleissle, 1992).   
Otsubo (1993) tested a shear thickening, elastic suspension, in which 80 nm particles were joined 
by polymer chains, and observed positive N1 values.  The polymer chains clearly dominate the 
rheology and the findings of this and similar studies (Usui 1998) are not of relevance to the 
current work. 
Foss & Brady (2000) conducted computer simulations on an unbounded Brownian suspension 
undergoing shear. If only the hydrodynamic component is considered (as it would apply to non-
colloidal suspensions) they show that N1 and N2 are negative and increase in magnitude with NPe. 
Their results do no extrapolate well to large particle sizes.  Singh & Nott (2000 & 2003) 
performed dynamic simulations of non-Brownian particles undergoing shear between semi-
infinite plates, and experiments on spheres up to 196 μm. The N1 and N2 results from both 
approaches are again negative.  The non-Newtonian stresses generated in suspensions of spheres 
are generally caused by the microstructure, as no form of alignment is possible. Bergenholtz et al 
(2002) conducted simulations on dilute colloid suspensions obtaining similar results for N1 and 
N2 as above, with the addition that N1 is positive when hydrodynamic forces do not dominate.  
They further state that by using a scaling analysis of the dilute results they can be extended to 
concentrated suspensions.  For suspensions containing rods normal stress differences arise from 
flow-alignment (Berry & Russel 1987, Masoudi 2004).   Cui et al (2006) simulated Couette and 
Poiseuille flows of dilute suspensions and found that for flow-aligning rods, N1 < 0 and N2 < 0 
and for flow-aligning or tumbling discs N1 < 0 and N2 > 0. 
The list of papers on simulations of various aspects of predicting rheological parameters of 
concentrated suspensions is longer than presented here.  The majority are for colloidal 
suspensions, however, and add little further than what is included here already.  The most 
consistent findings for the more recent works using experiment and simulation is that for 
concentrated suspensions of non-colloidal spheres, N1 and N2 are both negative and |N1|< 
|N2|for suspensions where hydrodynamic forces are dominant (high NPe).  
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2.2.3 Models of concentrated suspension viscosity  
Historically there have been many approaches to modelling suspension viscosity, however, the 
resultant models are often only effective for a specific set of conditions.  The review in Rutgers 
(1962) lists 4½ pages of different models, and many more have been created or rediscovered in 
the following 45 years.     Many earlier models, up to at least the late 1960’s, were based primarily 
on a Cv term, and predicted Newtonian behaviour for suspension rheology.  Examples include 
Maron & Pierce (1956), Krieger and Dougherty (1959) and Frankel and Acrivos (1967).  The 
many complicating interactions that occur as suspension concentration increases results in non-
Newtonian behaviour, see Jeffery and Acrivos (1976).  More complicated models that recognise 
this are required for concentrated suspensions; examples include Gay et al (1969) and Dabak and 
Yucel (1987) both of which include multiple parameter equations in which the parameters are 
used to fit the data, i.e. they cannot be derived from a knowledge of the suspensions components 
and must be determined experimentally. 
The model of Krieger and Dougherty (1955) describes the behaviour of colloidal suspensions as 
a function of reduced volume fraction but lacks the necessary variation of viscosity with shear, 
equation (3). 
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Where ηr is relative viscosity, Cv is volume fraction , Cvm is the maximum volume fraction and [η] 
is the “intrinsic” or dilute limit viscosity, essentially a shape factor.  A similar relationship for ηr  
and reduced volume fraction is the model due to Frankel and Acrivos (1967).  It is derived on an 
analytical basis and considers the hydrodynamic flow of the suspending liquid in the narrow gaps 
between particles.  Considering a cell of cubic packed spheres the excess viscous dissipation due 
to the presence of the closely packed spheres is expressed as  
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Where C′ is 9/8, assuming an approximately body centred cubic arrangement.  This model has no 
terms for shear rate or shear stress so the bulk suspension will behave as a Newtonian fluid.  The 
approach used by Wildemuth and Williams (1984, 1985) to describe the shear thinning behaviour 
of colloidal spheres and irregularly shaped coal suspensions (<100 μm, both were flocculating 
suspensions) was to consider that maximum packing fraction, Cvm, is a function of shear stress.   
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Where Cvm0 is a minimum value of packing fraction, Cvm∞ is the highest value of packing fraction, 
and Cvd  is the fraction of particles that remain unflocculated and is related to the shear stress by; 
mvd A
C −+= τ1
1  
(6)
 
Where A and m are fitted parameters.  A similar approach, using shear rate in place of shear stress, 
was developed by Quemada (1986).  A useful aspect of the  Wildemuth and Williams method is 
that a yield stress is predicted for the condition Cv< Cvm(τ).  As the imposed shear stress on a 
suspension decreases so to does Cvm(τ) (from equations (5) and (6)), until it is less than Cv. 
To examine the dimensional requirements of a model of for concentrated suspension Stickel and 
Powell (2005) considered suspension viscosity,η, to be a function of particle and suspending 
medium properties; 
 
),..,,,,,,( torkTaf fmnp τγρηρρη ?=  (7) 
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Where a is particle radius, ρp is particle density, ρn is particle number density, ηm is suspending 
medium viscosity, ρf fluid density and kT thermal energy.  It should be noted that even this 
function is not exhaustive as a assumes a single particle size and may need to be an average or a 
function of particle size distribution.  Similarly for coarse particles, particle shape and texture will 
need to be considered.  These variables can be formed into five dimensionless groups; 
),,,,( Re rPervr tNNCf γρη ?=  (8) 
 
Where ηr=η/ηm (relative viscosity), Cv=4πρna3/3 (volume fraction), ρr =ρp/ρf (reduced density), 
NPe =6πηa3γ˙/kT (Peclet number), NReγ˙=ρf a2γ˙/η (sheared particle Reynolds number), and tr 
=tkT/ηa3 (reduced time). 
For the special condition of a neutrally buoyant systems ρr can be ignored, and similarly at 
steady-state tr  may be neglected leaving;  
),,( Re γη ?NNCf Pevr =  (9) 
 
Under conditions where NRe → 0 the Krieger type models are successful.  Alternatively where 
1/NPe → 0 and the Schmidt number (NSc=NPe/NRe, a measure of shear driven particle 
diffusivity) is large the suspension is non-Brownian and likely to be Newtonian, and the Frankel 
and Acrivos type models are effective.  The special condition where NPe and NReγ˙ are both large 
potentially gives rise to shear thickening behaviour according to Stickel and Powell (2005), but 
this must,  of course, depend on Cv .  Boersma et al (1990) report that shear thickening has never 
occurred for NPe < 1.  This will be discussed further in 2.3.   
The models discussed above have some success in fitting suspension rheology data, but their 
predictive abilities are limited by the need to estimate Cvm and its variation with an imposed shear 
field, as in equation (6).   Stokesian simulations have been conducted for suspensions of spheres 
in Foss and Brady (2000), Martys (2005), Bergenholtz et al (2002), and for ellipsoids (Martys 2004) 
based on multiple particle interactions, but only up to moderate concentrations and low NPe.  
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Simulations are usually restricted to colloidal suspensions due to the well studied pair potentials, 
and the difficulties of modelling surface roughness effects and other macroscopic phenomena, 
see Barnes et al (1986).    
Of the many approaches to the modelling of the viscosity of Newtonian or shear thinning 
suspensions there are at present no theoretically derived methods that can handle the multiple 
effects present in concentrated suspensions, resulting in semi-empirical equations that rely on 
experimental fitting parameters.  Computer simulations can model some of the characteristics of 
suspension behaviour but for limited particle characteristics and a limited range of interactions. 
The situation for yield stress and shear thickening suspensions is even more limited, partly due to 
the change in interactions with shear rate/stress, from granular to viscous to hydrodynamic. 
2.3 Shear thickening suspensions 
Rheologically shear thickening suspensions have been linked with volume dilatancy since the 
shear thickening phenomenon was first recognised by Freundlich and Röder (1938).  The work 
by Reynolds (1885) with sand-water suspensions showed a change in particle arrangement with 
applied stress that caused an increase in the volume occupied by the solid phase (volume 
dilatancy).  Reiner (1945) produced a mathematical theory of dilatancy from a phenomenological 
approach (not taking the internal structure of the material into account) and concluded that the 
dilatancy Reynolds described did not necessarily give rise to shear thickening rheology.  Metzner  
and Whitlock (1958) conducted some of the earliest experiments trying to quantify shear 
thickening effects and found that the volumetric and rheological shear thickening are not 
associated because the surface “dryness”, associated with volume dilatancy appeared before any 
rheological change was observed.  It should be noted, however, that this observation could also 
be due to low resolution and repeatability on the Stormer viscometer they used and the clear 
evidence of wall slip occurring in their experiment.  These two phenomena will be of interest for 
the current study 
2.3.1 Causes of shear thickening 
Shear thickening has been observed for a wide variety of suspensions (Barnes 1989b).  The 
majority of experimental work has been conducted on colloidal suspensions; see Hoffman (1972), 
Strivens (1976), Wagstaff and Chaffey (1977), Woodcock (1984), Watanabe et al (1998), Boersma 
et al (1990), d’Haene et al (1993), Raghavan and Khan (1997), Franks et al (2000), Lee and Wagner 
(2003) , Lootens et al (2005) amongst others.  Some common features of the suspension 
rheograms presented in these works are an initial decrease in viscosity with shear rate (either from 
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a yield stress or high zero shear viscosity) followed by a sharp increase in viscosity at a so called 
critical shear rate, cγ? .  This increase in viscosity is occasionally referred to as a discontinuity (see 
Figure 1) by the minority of studies (Hoffman 1974, Woodcock and Edwards 1985) A 
discontinuity in the measurement is more likely due to the practice of “ramping” shear rates in 
experiments so the effect of thixotropy is superimposed on the shear thickening effect.  The 
increase in viscosity is also observed on occasion to decay at higher shear rates as in Hoffman 
(1972), Bertrand et al (2002).  Several often conflicting explanations have been proposed for this 
non-monotonic increase in viscosity when viewed as a function of shear rate.  These include the 
formation of particle doublets, wormlike structures and various other shear induced structures, 
see Hoffman (1974), Laun et al (1992) and Macias et al (2003).  Some of these mechanisms will be 
discussed below in the context of coarse shear thickening suspensions. 
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Figure 1.  Typical rheogram of reported data with non-
monotonic viscosity behaviour after the critical shear rate 
( cγ? ). Glass sphere/glycerol suspension (Cv =0.56) in 
torsional flow. Graph adapted from Hoffman (1982). 
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Shear thickening behaviour is also observed in non-colloidal suspensions with larger solid phase 
particle sizes which therefore are not dominated by Brownian forces (high NPe), Eastwood and 
Barnes (1975), Hanks and Hanks (1983).   The description of the structural origins of shear 
thickening are created to best describe the behaviour of colloidal suspensions, due both to their 
higher representation in the literature and the greater possibility of assigning attractive and 
repulsive forces which are present in colloids to a model of structural change.  Putting aside the 
theories involving flocculation, Otsubo (1993) as not of relevance to high NPe suspensions,  
several  interrelated  theories have been proposed for hard sphere suspensions. The first one due 
to Reiner (1949) conceives of particles moving past each other in laminae as this represents the 
most hydrodynamically appropriate method, as particles in adjacent layers go from being in the 
interstices of the next layer to being separated sufficiently to move relative to each other as the 
shear rate is increased the near points of adjacent laminae mutually interfere and cause an 
increase in bulk viscosity.  This is conceptually similar to the proposal by Bagnold (1954) that 
shear thickening in suspensions of large particles (> 1 mm ) is due to particle collisions.  Reiner’s 
theory has the advantage that it also predicts a volume dilatancy and a positive N1 for shear 
thickening suspensions, but is flawed as only concentrations close to the maximum packing 
concentration would cause the observed effects, which does not match the experimental evidence 
of a wider range of concentrations producing the effect. For example, if the packing arrangement 
for sliding sheets can be considered as a hexagonal lattice and the resting configuration is a cubic 
or hexagonal close packing (or even random) then the theory is valid (Cvm changes from 0.74 to 
0.60).  If the packing at rest more closely resembles a cubic lattice (Cvm = 0.52) then there is no 
change in packing fraction if a square arrangement is retained in the sliding sheets.  An advance 
on this model is due to Hoffman (1974) where in place of single particles interfering, particle 
doublets are formed and then rotated by the inter-lamina, planar-Couette type flow.  The Couette 
moment is balanced by the net attractive inter-particle forces up to the point of shear thickening, 
and then allows the doublet to freely spin, interfering in adjacent laminae and giving rise to 
increased viscosity.   This “order-disorder” transition does not take into account the much larger 
lubricating forces between laminae (§5.1). The theory further states that at higher shear rates the 
rotating doublets form themselves into expanded laminae that allow for a decrease in viscosity, a 
concept that is clearly geometrically impossible due to the increased effective volume of the 
rotating doublets.  An alternative theory involves shear-induced reversible flocculation of the 
particles, also known as  hydrodynamic clustering, which causes an increase in viscosity with 
  16
shear stress due to the occlusion of suspending medium (Hoffman 1998,  Bossis and Brady 
1989).  This is not relevant to suspensions of non-Brownian spheres as the higher hydrodynamic 
forces will destroy all weakly bound structures.   
The concept of jamming as it applies to shear thickening suspensions, or suspensions generally, is 
used to describe different phenomena, but possibly ones with a similar cause.   It is used to 
describe granular or granulo-viscous flows where jamming is reached when Cv=Cvm , (Overlez et 
al 2005, Jerkins et al 2007),  making it similar to Wildemuth and Williams (1984) yield stress 
criterion (§2.2.3).  Jamming is stated to be the cause of shear thickening,  see Lootens et al (2005), 
but with no independent supporting evidence.   A more consistent argument is that jamming is 
what happens beyond shear thickening, as in Bertrand et al (2002).  In their study a suspension of 
6μm particles was formed into a persistent paste by shearing.  The jammed state appears to be 
one where the effects of stress are retained after the external stress is removed, and is not 
dissipated by Brownian forces, hence its appearance in non-colloidal suspensions, but requires an 
external stress to restore flow.  The similarities to the shear induced structure reported by 
Gadala-Maria and Acrivos (1980) should be noted, where suspensions of 40-50 μm particles also 
retained a memory of the imposed shear until additional and different shear was applied.   
Hess (1994) in the process of modelling rheological results on liquid crystals, from Laun (1994), 
proved analytically that an oblate spheroid  behaving as a nematic phase could be shear 
thickening.  Similarly simulations by Martys (2005) show ellipsoids forming nematic phases (i.e. 
orientation order) under simple shear, although the simulations used Cv≤0.15, so no shear 
thickening effects were observed.  The formation of a nematic phase, where particles show a 
degree of orientation, is a possible explanation of shear thickening in suspensions of non-
spherical particles. 
Two possible mechanisms for shear thickening in coarse (non-colloidal) suspensions appear 
possible from the reviewed literature.  If the need for a model to account for a return to low 
viscosity at a higher shear rate after the shear thickening “phase” is removed then a simpler 
model will be possible.  The plausibility of this last concept when compared to some of the 
available literature results, both experimental and simulation, is discussed in §3.4.  The two 
options to be investigated (§5.1) are a purely hydrodynamic model, where particles interact with 
the suspending medium in Stokesian flow, or a nematic model where a degree of ordering takes 
place and threadlike structures evolve with imposed shear. 
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2.3.2 Models of shear thickening 
There are currently no general models of the rheological behaviour of shear thickening 
suspensions.  Mathematical fits such as the Herschel Bulkley model, equation (19), or a reversed 
Cross model, see Cross (1965) and Hanks (1984), can be used as mathematical fits to data but 
with no fundamental meaning to the parameters.  Predictive models have tended to focus on the 
onset of shear thickening.  Conceptual models such as that of Metzner and Whitlock (1954) and 
Reiner (1949) consider adjoining particle layers interfering with each other but do not lead to a 
mathematical description.  A dimensionless group that described general trends was suggested by 
Barnes (1989b).  Based on collected data for suspensions of spheres, the fluid parameters are 
grouped as in equation (10);  
 
s
cp
ST
a
N η
γρ ?2=  
(10)
 
This correctly reflects the observed decrease in cγ? with particle radius, a, but serves no greater 
purpose.   
For colloidal suspensions several models have been proposed based on the conditions of shear 
stress or shear rate that are required to cause a change in the ordering of particles in suspension.  
Hoffman (1972) proposed that spheres would form couplets, which would be held in place by a 
balance of electrostatic and Couette forces.  At a sufficiently high rate of shear the couplets 
would start rotating, creating an “order-disorder” transition, and an increase in viscosity.  
Similarly Maranzano and Wagner (2001) modelled a suspension of hard-spheres in 
electrostatically stabilized dispersions, demonstrating experimentally that the onset of shear 
thickening was a function of a critical shear stress, τc , and then modelling the formation of 
“hydrodynamic clusters” based on a balance squeeze flow forces and electrostatic attraction. 
Neither of these approaches is suitable for the suspensions of concern to this study as they are 
non-colloidal.  An appropriate approach to modelling will be discussed in §5.1. 
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2.4 Shear thickening suspensions and wall slip effects 
In many of the experimental studies on shear thickening suspensions the effect of testing 
geometry is apparent (Keller & Keller 1990, Chow & Zukoski 1995) and in others it is not tested, 
for example in Griskey & Green (1968).  The significant changes that can be imposed on 
experimental results by altering the method of testing has caused many structural arguments to be 
proposed, where different structures come into existence and disappear at various points and 
various shear rates.  It has also caused Chow and Zukowski (1995) to dismiss shear thickening as 
an artefact occurring only when evolving structures are comparable to the size of the rheometer 
gap – and hence measuring geometry specific.   
Wall slip phenomena have been described extensively (Mooney 1931, Barnes 1995), examples 
generally describe Newtonian or shear thinning materials.  Wall depletion is a related 
phenomenon (Barnes 1995) that is more commonly associated with suspensions.  It displays 
many  (but not all) of the same gross properties as wall slip, but is due to a depletion of the solid 
phase or dissolved component near the moving surface in a sheared fluid rather than loss of 
adhesion.  The ability of the particles to move from the wall is reduced as the suspensions 
concentration increases and for suspensions approaching the maximum packing condition this 
behaviour become unlikely and wall slip becomes a more likely mechanism.  Corrections for this 
date back to Mooney (Mooney 1931) and some descriptions of the conditions close to the wall 
have been published e.g. Munstedt et al (2000).  The work of Yoshimura & Prud’homme (1988) 
and Yilmazer & Kalyon (1989) utilise a method of extrapolating measuring geometry dimensions 
to infinite values for torsional and Couette flows, which is a refinement on the earlier methods of 
Mooney.  The approach proposed by Yoshimura and Prud’homme is discussed further in 3.4.1.1. 
2.5 Shear thickening suspensions in non-constant shear fields 
Many applications of interest for shear thickening suspensions contain non-constant shear fields.  
These include pipe line flow, open channels, contractions, bends and cylindrical Couette flow.  
Not surprisingly considering the emphasis of shear thickening research on colloids, few studies 
have considered large scale transport processes for shear thickening suspensions. 
Guillou and Makhloufi (2007) conducted a direct numerical simulation study on shear thickening 
flow in a plane channel using a low viscosity shear thickening surfactant suspension.  Most shear 
thickening materials are high viscosity and will only display appreciable flow in large channels, 
however.  Marn and Ternik (2006) conducted numerical simulations of shear thickening 
suspensions in 90º pipe bends.   The estimates of pressure loss coefficients were substantially 
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higher than predicted using empirical correlations, which were developed primarily for shear 
thinning materials.  In neither of the above cases was comparison made to experimental results. 
The question of how the rheology of shear thickening suspensions will be affected by non-
constant shear fields is raised by Barnes (1989b).  This will be addressed in 5.2 . Hanks (1984) and 
Green & Griskey (1968) both measured pressure drop/flow rate relationships of shear thickening 
suspensions in pipes.  Their aim was to compare predictions from Couette rheometry to the 
measurements made in pipelines, not to examine the effect of non-constant shear fields.  They 
claimed reasonable matches in both cases, which would imply there was no detectable effect of 
the non-constant shear fields in either the Couette rheometer or the pipe.  It is probable that the 
level of precision in either experiment was not sufficient to resolve any effect (if present). 
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CHAPTER 3 EXPERIMENTAL METHODS, EQUIPMENT AND TECHNIQUES 
3.1 Experimental Approach 
The experiments in this study are based on the use of a model suspension that displays shear 
thickening.  The model suspension is also required to be non-colloidal and have particles that are 
generally similar in shape to some typical industrial or mineral suspensions that display shear 
thickening, excluding particles with extreme aspect ratios (length to diameter ratio) i.e. needles or 
platelets.  The suspending medium is required to behave as a Newtonian fluid as this is similar to 
some typical mineral suspensions, which would use water or saline solutions as carriers, and will 
be simpler to model mathematically at a later stage (see 5.1). To this end, a suspension of corn 
starch (more correctly called maize starch) in ethylene glycol was chosen.  This is known to 
produce a significant shear thickening response (Green & Griskey 1968) and has a particle size 
large enough that colloidal effects will not be significant.   A suspension of neutral density was 
not chosen despite the advantages of greater stability as a slowly settling suspension is again 
similar in behaviour to some typical concentrated mineral suspensions. The preparation and 
characterisation of this model suspension is described in 3.2.2, and a comparison made to typical 
mineral suspensions that display shear thickening is given in 3.2.3 . 
The experimental methods used are principally rheometric or rheologically based.  The basic 
techniques and some minor variations are described in 3.3 but the introduction of a new 
technique for analysing the results for shear thickening materials measured in a parallel plate 
rheometer that allows for the substantial effects of wall slip is described in 3.4 and the major 
consequences of this are further discussed in 4.2.  The other major technique employs the 
Coherent Back Scattering (CBS) of laser light scattered from the surface of a suspension under 
shear, see 3.6.2, and is used to determine the change in particle orientation under different 
conditions of shearing. 
Unless stated otherwise technical details of the materials and experimental equipment may be 
found in Appendices 1 and 2 respectively 
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3.2 Materials 
3.2.1 Corn Starch and Ethylene Glycol suspension (CSEG)  
The material properties of the corn starch and ethylene glycol that are relevant to the description 
in this chapter are listed below in Table 1 and Table 2.   
Table 1  Corn starch properties 
Property Value Method (source) 
Mean particle size (diameter of an equal volume sphere) 13.6 μm LALLS (see 3.7.2) 
Density 1515 kg.m-3 Pycnometer (see 3.7.4)
Aspect ratio 1.2 (see A4.1) 
Refractive index (RI) real part 1.48 Standard fluids 
(see 3.7.3) 
Refractive index (RI) imaginary part 0.022 Beer-Lambert 
(see 3.7.3) 
Scattering angle θSCA 44 mrad Mie theory (A3.2) 
Scattering efficiency SCAQ  1.12 Mie theory (A3.2) 
 
Table 2. Ethylene glycol properties 
Property Value Method (source) 
Newtonian viscosity at 20°C 19 m.Pas Controlled stress rheometer (see 3.3.1  )
Density 1100 kg.m-3 Pycnometer (see 3.7.4  ) 
Refractive index (RI) 1.432 (Weast, 1984) 
 
The CSEG suspension can be considered to be non-colloidal as the dispersed phase has 
dimensions greater than 0.5 μm (Atkins 1982).  The effect of Brownian motion on the system 
can be gauged by calculating the relevant Peclet number (NPe) for the system as in (11).   
Tk
aN sPe .
....6 3γηπ ?=  (11) 
 
Where k is the Boltzmann constant, T is temperature in °K (kT is the thermal energy) and a is 
particle radius.  The Peclet number is a ratio of transport rates contributed from applied shear 
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relative to those from Brownian motion. For NPe>>1 the arrangement of particles in the 
suspension will be dominated by the shear flow  and not by Brownian motion (Bergenholtz et.al , 
2002).  At 25°C CSEG has NPe >1 for any shear rate above 10
-5 s-1.  
3.2.2 Material preparation 
The preparation of CSEG samples for rheometry and light scattering experiments is relatively 
simple compared to an equivalent colloidal suspension as pH and ionic strength do not strongly 
influence the suspension behaviour.   The starch was used as supplied (A1.1.1) but stored at a 
relative humidity of 50% for 48 hours prior to gentle hand mixing with ethylene glycol.  This step 
standardises the water content of the starch.  The samples were prepared on a weight basis with 
the volume concentration (Cv) calculated based on the densities determined in 3.7.4.. The use of a 
three figure balance allowed the samples to be made with a repeatability of Cv ± 0.01 .   Samples 
were degassed in a vacuum chamber after preparation to release trapped air.  The preparation of 
CSEG for pipeline tests is described in 3.4.4.  
3.2.3 Comparison to a nickel laterite  
To test the effectiveness of the CSEG suspension as a suitable analogue of shear thickening 
mineral suspensions some comparisons were made to a nickel laterite ore.  The ore shown here is 
from a tropical southern hemisphere source.  The particle shape of the laterite and the corn 
starch were examined using environmental scanning electron microscopy (ESEM).  ESEM was 
chosen as it does not require a high vacuum for measurement and an undried sample of starch 
can be used.  The equipment details are shown in A2.1.    The shapes of the two materials in 
Figure 2 and Figure 3 are qualitatively similar as neither has extreme aspect ratios and both could 
be approximated by an ellipsoid (see A4.1).  The polydispersity of the laterite sample is greater 
than that of the corn starch.  This is apparent from comparing Figure 2 and Figure 3, but is made 
more obvious by comparing the particle size distribution (PSD) in Figure 4 and Figure 5.  The 
method of determining PSD is described in 3.6.2. 
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Figure 2. SEM micrograph of nickel laterite (tropical region)  
 
Figure 3. ESEM micrograph of corn starch (dry) note 
different magnification to Figure 2 
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Figure 4 Particle size distribution of Tropical Laterite, D4,3 
19.9 μm,  
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Figure 5.  Particle size distribution of corn starch particles in 
ethylene glycol (laser diffraction technique, see 3.7.2). D4,3 
13.6 μm 
The uncorrected rheograms of the two materials are compared in Figure 6 and Figure 7.  The 
correction for wall slip as described in 3.13.4 has not been applied, however, some qualitative 
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similarities between the behaviour of the two suspensions can be seen.  These features include an 
ill defined yield stress, a sudden increase in viscosity and a subsequent apparent decrease in 
viscosity.  
On the basis of the comparisons made in this section it is to be expected that CSEG will replicate 
many aspects of the behaviour of a typical shear thickening mineral suspension,  afford an easier 
and more repeatable preparation and its approximate ellipsoidal shape will assist in the later 
modelling phase, see 5.1.2. 
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Figure 6.  Rheogram of tropical region nickel laterite (Cw = 
0.40), uncorrected rheology (1.5 mm gap on rheometer). 
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Figure 7 CSEG suspension tested under similar conditions to 
Figure 6. Cw = 0.55 (Cv = 0.47), 2 mm gap. 
3.3 Rheological characterisation 
3.3.1 Rotational rheometers-viscosity measurements 
The rheometry of concentrated suspensions presents several complications over fluid rheometry 
such as settling, wall slip and problems arising from the non-continuum nature of the material.  
As coarse shear thickening suspensions display volume dilatancy and first normal stress 
differences (see §2.2.2 and §4.3.2) the effect of particle settling is suppressed.  Wall slip for shear 
thickening materials presents greater problems than for Newtonian or shear thinning suspensions 
(see §3.4).  The presence of slip also affects the choice of geometry that is suitable as a range of 
dimensions will be needed for each test to account for the slip component.  Torsional flow 
(parallel plate geometry) is the most amenable to changing geometry dimension and also avoids 
the problems of small gap to particle size ratios that are present in cone and plate rheometry.  
Concentric cylinder rheometers rely on an a priori assumption of fluid model (Barnes et al 1989a) 
to interpret torque (M) and angular velocity (ω) data that comes from the rheometer, and they are 
cumbersome compared to parallel plates for changing geometry.  It has also been reported that a 
misalignment in concentric cylinder geometries when testing shear thickening suspensions will 
become amplified by the normal forces during shearing and produce instrument damage (Laun et 
al 1992).  As an example of these effects the different results that are obtained from uncorrected 
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data from these different geometries are shown in Figure 8.  The differences are largely due to 
slip effects. 
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Figure 8.  Effect of different measuring geometries, CSEG 
(Cw = 0.45) 
The bulk of the tests reported in this shown in this work use torsional flow (parallel plate) with 
the data interpreted via the technique developed in this study and described in §3.4.  Two types 
of rotational rheometer were used, a controlled stress rheometer (SR200) for low shear rates 
where finer torque resolution was required and a controlled shear rate rheometer (ARES, see 
Figure 9) at higher shear rate as this instrument can measure normal forces generated by the 
sample.  The orientation and direction of rotation can be seen in Figure 10.  The SR200 cannot 
accommodate high normal forces which appear to cause anomalous fluctuations in shear rate and 
result in instrument damage.  A typical result from the SR200 at higher shear rates can be seen in 
Figure 11.  This can be compared to similar results in Macius et al 2003 and Hu et al 1998 all of 
whom used shear stress controlled units of similar construction (using air bearings and drag cup 
motors) and all produced oscillations at high shear stresses.  Results from workers using 
controlled rate instruments which are mechanically less compliant in the normal direction do not 
record similar oscillations (O’Brien & Mackay, 2002).    The period of oscillation in some cases 
can be correlated with one revolution of the rotating tool.  To overcome this effect a full 
revolution was required for each stress measurement and the resulting approximate sinusoid was 
averaged over a complete cycle.   In other instances the simple sinusoid becomes convoluted with 
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other effects such as edge fracture and the results are discarded.  Comparisons between the two 
instruments were made throughout this study and these results are shown in Chapter 4. 
Temperature for all tests were maintained at 20°C ± 0.5 .  To minimise the effects of thixotropy 
the angular velocity was measured at a fixed torque as a function of time until equilibrium was 
reached (or stable oscillations in some cases).  Equilibrium values were then used for evaluation. 
Further details can be found in Appendix 2.  
 
 
Figure 9. Rheometrics ARES rheometer (left) and 
Rheometrics SR200 (right) 
 
Figure 10 Parallel plate geometry and direction of rotation; 
ARES (left) and SR 200 (right) 
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Figure 11. Anomalous shear rate fluctuations due to normal 
forces in sample while testing on the SR 200.  Legend shows 
uncorrected shear stress τ.  
Initial attempts to remove slip effects on parallel plates involved using roughened plates.  
Linishing paper (an industrial abrasive paper) with silicon carbide particles of mean size 10 μm 
was glued to upper and lower plates and CSEG suspensions tested over a range of shear stresses 
and gap sizes.  The results shown in Figure 12 show that although the roughened plates increased 
the measured shear stress, slip still occurred since the effect of gap size is still present in the data.  
For shear thickening materials the roughened plates merely produce the illusion of removing slip 
which is ultimately of little use.  This result leads on to the method of correction for slip in §3.4. 
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Figure 12.  Effect of roughened geometry surfaces, 40 mm 
diameter parallel plates, CSEG (Cw = 0.50) 
3.3.2 Rotational rheometers-normal stress measurements 
Normal force measurements during steady shear were made with the ARES rheometer for the 
CSEG suspension via total thrust measurements.  The interpretation of the results is not straight 
forward due to the presence of slip and the inseparability of N1 and N2 in a torsional flow test, as 
is seen in the calculation for total thrust, F, on the plates in equation(12) (Walters 1975). 
∫ −= R dNNF h
γ
ω
π γγ
?
??
0
21 )(2
2
 
(12)
 
The two usual methods of determining the individual values of the normal stress differences are 
to either consider N2 to be zero (the Weissenberg hypothesis) or to compare the results with a 
cone and plate geometry, which produces a measurement of N1, equation (13).   
2
. 21 RNF π=  (13)
 
The Weissenberg hypothesis is unlikely to be correct in this instance as extensive sample edge 
fracture was detected during shearing which is associated with high N2 values (Mall-Gleisle et al 
2002, see also §2.2.2).  The cone and plate geometry is difficult to use with this material due to 
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the slip effects and the high particle size to gap ratio near the cone tip.  The method for slip 
correction for the cone and plate used here is described in § 3.4.4.  To overcome the particle size 
to gap ratio near the cone tip the centre of the plate was left empty and the stress measurements 
adjusted for the reduced area.  The error due to creating a second free surface is small.   
The ball bearing motor in instruments such as the ARES also suffer from artefacts due to 
mechanical imperfections, see Figure 13.  The period of oscillation in this case can be consistently 
correlated with one revolution of the rotating tool.  To overcome this effect a full revolution was 
required for each normal force measurement and the resulting approximate sinusoid was 
averaged over a complete cycle.   This is a related effect to that seen in the SR200 stress results, 
but does not create anomalous results in the stress measurements from the ARES. 
The method used required the corrected results from §3.4   and the application of slip corrections 
is described in §3.4.4.   
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Figure 13.  Unsteady total thrust measurement from ARES 
rheometer.  CSEG (Cw = 0.50), 2.0 mm gap, nominal shear 
rate of 0.2 s-1.  Under these conditions a full cycle is 785 s. 
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3.3.3 Large angle oscillatory testing (LAOS) 
The shear thickening effect is not instantaneous but is apparent after a sample has been subjected 
to large strains in steady shear.  Useful data about particle-particle interaction can be obtained 
using oscillatory shear beyond the small strain limit, where the τ(γ) relation is no longer linear, 
but a hydrodynamic steady state has not been established (Lee & Wagner 2003).  To examine the 
interaction of ellipsoid particles at small strains the CSEG suspension was tested in the ARES as 
in §3.3.1 but using an oscillatory strain that could be varied, in this case, from a strain of 1% to 
100%.   
As the stress-strain response is non-linear the standard interpretation of the M(ω) output from 
the rheometer into loss and storage moduli is not valid so data is presented as  M(ω) only.  Due 
to the sample yield stress slip was still present and an effect of sample gap was detected. CSEG 
suspensions at Cv = 0.39 to 0.509 were tested for the minimum strain where a torque jump could 
be detected.  The results of these tests are seen in Chapter 4. 
3.4 Correcting for wall slip in torsional flow of shear thickening suspensions 
3.4.1 Modification of Equation for Shear Stress-Torque Relationship 
Changes of major significance to the traditional methods of interpreting the rheometry of shear 
thickening suspensions are described in this section.  One of the consequences of applying the 
technique developed in this study is that the mechanism required to describe the observed shear 
thickening no longer requires a “switching on” at a critical shear rate (see Chapter 2) and a 
subsequent “switching off” at a higher shear rate.  The shear thickening effect can be seen to 
become apparent at a given shear rate and viscosity will increase monotonically until excessive 
wall slip makes it impossible to transmit any higher stresses to the suspension, whether in  a 
rheometer or pipe line.   
3.4.1.1 Limitations of Earlier Techniques  
Cone and plate geometries are preferred in steady shear testing for the relative simplicity of 
converting measured quantities torque (M) and angular velocity (ω) to shear stress and shear rate 
but for shear thickening suspensions the dimensions of the solid particles prevent their use. 
Cylindrical Couette flow geometries avoid this problem but are not a “controlled flow” i.e. 
interpretation of data is not independent of the fluid type and requires an a priori assumption of a 
fluid model.  If the observed characteristic transient in the shear thickening rheograms is a real 
effect then the calculation of shear rate at the surface of the inner cylinder by the standard 
methods, e.g. that of Krieger and Maron (Krieger and Maron 1954) produces mathematical 
anomalies.  To correct the value of shear rate on the inner cylinder this method requires a 
division by dln(M)2/d2ln(ω).   Since shear thickening rheograms contain a point of inflection this 
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division produces a singularity due to the apparent, non-monotonic nature of the viscosity curve. 
Testing of this type of suspensions is therefore more readily accomplished in parallel plate 
torsional flow geometries where this problem is avoided.  This geometry has the advantage of 
being a controlled flow (at least in the absence of wall slip) but more importantly provides a ready 
means of altering the dimensions of the measuring geometry, to detect any wall slip. 
Previous methods to determine slip in rheometers have been developed for Newtonian or shear 
thinning materials (Yoshimura & Prud’homme 1988, Hatzikiriakos & Dealy 1992).  Techniques 
developed to correct the measured values have been reported as successful.  However, these 
techniques proved inadequate for the shear thickening materials presented here.  Only a limited 
range of the data could be corrected as the presence of the point of inflection and the 
suspension’s yield stress prevent these techniques from being applied at low and high shear rates. 
The usual approach for deriving rheological parameters from torsional flow is to calculate the 
shear stress τ(r) at some point (usually the rim, r=R) from the rheometer outputs, torque (M) and 
angular velocity (ω).  In the absence of wall slip; 
h
r.ωγ =?  (14)
 
 Where h  is the plate separation, and;  
∫= R drrrM
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Variable substitution and integration produces; 
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The approach to correct for slip devised by Yoshimura and Prud’homme (Yoshimura & 
Prud’homme 1988) and used since then (Yilmazer & Kalyon 1989 & 1991),  retains the 
calculation for )(rτ similar to the above but changes the shear rate at the rim ( Rγ? ) calculation to 
allow for slip. Yoshimura and Prud’homme make no initial assumption as to whether wall slip or 
wall depletion is occurring, and the results for viscosity values would be unaffected regardless of 
whether slip occurs at both surfaces, or wall depletion occurs at the moving surface only.  Their 
  34
estimate of slip velocity would, however, vary by a factor of two. The apparent rim shear rate 
( aRγ? ) is related to the slip velocity and true shear rate by; 
h
Vs
RaR
)(.2)( ττγγ += ??  
(17) 
 
Where Vs is the slip velocity, and aRγ? is the apparent shear rate at r=R (i.e. the result from 
Equation (14). This is illustrated in Figure 14 and the orientation of flow in cylindrical co-
ordinates is given in Figure 15.  Vs is variously considered to be either a linear (equating to the 
Navier slip condition,  see Jana et al 1995, Yilmazer & Kalyon 1989) or power function of shear 
stress (Barnes 1995, Yoshimura & Prud’homme 1988, Hatzikiriakos & Dealy 1992, Cohen & 
Metzner 1985). 
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Figure 14.  Parallel disk velocity field, section through the θ-z plane.  Upper 
plate is moving at ω.r, the figure shows the velocity field at radius r.  The wall 
slip velocity, Vs, is the same at each wall.  Shown are the actual shear rate in 
the fluid, γ? , and the apparent shear rate, aγ?  indicated by the rheometer. 
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Figure 15.  Torsional flow in cylindrical co-ordinates. 
The experimental method requires tests to be conducted at constant shear stresses for two or 
more values of h and extrapolation to infinite h values.  This method has been reported to 
produce success for shear thinning materials, however, it creates anomalous behaviour in tests 
with shear thickening fluids.  This will be demonstrated in §4.2 where earlier methods are 
compared to the technique developed below (see Figure 38). 
3.4.1.2 Current Technique 
This method can be improved once it is recognised that the true shear rate cannot be determined 
at any radial point without knowing Vs , and therefore τ(r); therefore the flow can therefore no 
longer be considered “controlled”.  An a priori assumption of fluid model is necessary along with 
a new set of boundary conditions incorporating a model of slip behaviour to derive rheological 
parameters from rheometer outputs.  An appropriate model would be of the form; 
yf τγγτ += )()( ??  (18)
 
where τy is the yield stress and f(γ? ) is a monotonic increasing function.  The Herschel Bulkley 
model is used here for illustration without loss of generality; 
 
n
y k γττ ?.+=  (19)
 
A power relationship between the slip velocity and shear stress is used as it encompasses a linear 
model as well for β=1.  
  36
βτατ .)( =sV  (20)
Where α and β are determined experimentally. 
Production of torque data for different angular velocities requires the integration of  Equation 
(15) with a relation for τ  that includes a sheared component and a slip component.  From Figure 
14 it can be seen; 
sVhr .2.. += γω ?  (21)
 
And by substituting (19) and (20), Equation (21) expands to; 
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However, this equation cannot generally be evaluated over the full radius where τ can drop below 
τy.  This is of no consequence for the no slip condition as τ >τy  for ω > 0 for all values of r.  The 
presence of slip allows τ(r)  to behave as in Figure 16, with an unsheared central core for 
yr ττ <)( .  For low values of ω the core can extend to the rim. 
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Figure 16. Plot of Equation (22) representing typical shear 
thickening fluid experiencing torsional flow in the presence 
of slip.  When stress values fall below τy slip allows an 
unsheared cylinder to exist at the centre. 
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Rearranging (22) and incorporating a Heaviside step function (Φ) produces the following; 
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Where Φ is the Heaviside step function and Φ =1 for positive arguments and Φ =0 for non-
positive arguments. 
Equation (23) behaves as Equation (22) for τ > τy but now has non-complex solutions for τ < τy. 
Finding the positive real roots for Equation (23) as a function of radial position provides values 
for τ(r) and allows Equation (15) to be evaluated for a series of angular velocities.  Non-linear 
solving techniques are used to extract the parameters for Equation (19) & (20) for data obtained 
at a variety of gap settings, h. The determination of n and β is confounded by both being powers 
of τ.  A method that can separate the two powers (n and β) is required.  If τ < τy, Equation (23) 
reduces to; 
βταω )(..2. rr =  (24) 
 
i.e. the fluid is completely unsheared and torque is no longer a function of gap height (h).  
Considering only the low angular velocities where τ < τy, and rearranging Equation (24); 
β
αωωτ
1
.2
.),( ⎟⎠
⎞⎜⎝
⎛= rr  
 
(25) 
 
Substituting  Equation (25)  in Equation (15) and integrating yields; 
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(26) 
A linear form from which α and β are readily obtained.  
The task of fitting the other rheological parameters is now reduced to obtaining τy, k & n which 
can be achieved using non-linear fitting techniques on Equations (23) & (15), in this study the 
Levenberg-Marquardt method (Press et al 1990) was used. 
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3.4.1.3 Effect of Slip on Shear Rate Calculation 
A correct interpretation of torsional flow data with slip requires a re-examination of the 
assumptions made in the shear rate calculation.  Additional non-vanishing components due to the 
wall slip effect complicate the calculation of the shear rate, but it can be demonstrated that the 
additional component is several orders of magnitude too small to have any effect.  The full 
working and the outcomes are discussed in Appendix 3.    
3.4.2 Application of improved method to rheometric data 
For each suspension tested rheometric data was gathered as described in §3.3.1 for three different 
gap sizes.  The M vs. ω data for low shear rates was plotted to obtain the α and β terms via 
Equation (26).  Low shear rate in this context is when τ <τy  and all M vs. ω data for a given 
material lies on a single line, independent of gap size.  The α and β slip terms are then used to 
determine the parameters for the Herschel-Bulkley model  via a best fit technique, as described in 
§3.4.1.2.  The results of this approach are shown in Chapter 4.   
3.4.3 Measurement of Vs ; Rheo-optical characterisation   
As an independent measurement to support the approach described above a separate 
determination of slip velocity was made.  Using the ARES rheometer with clear acrylic parallel 
plate geometry (50 mm diameter) a CSEG suspension (Cw = 0.53) was sheared while the surface 
was filmed (see Figure 17).  Tracer particles were placed between the CSEG and the plate to 
detect the relative motion of the fluid at the interface. The tracers used were filled polypropylene 
with blue pigment (density 1470 kg/m3) ground and sieved to <63μm). The video camera and 
macro lens combination allowed for a magnification of 30X (see Appendix 2 for details).  
Digitised video images were analysed using simple graphical techniques to yield the velocity of 
the tracer particles.  As the CSEG is a high viscosity suspension that is slipping at the wall, as 
opposed to displaying wall depletion, the tracer particle will move with the bulk of the 
suspension,  allowing for a measurement of the velocity at the suspension interface relative to the 
plate.  Images were taken from both the upper (stationary) plate and the lower (rotating) plate, 
and the results are discussed in Chapter 4.   
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Figure 17.  Test setup on ARES rheometer with acrylic plates 
and video imaging for measuring Vs . Arrangement was 
reversed when recording stationary plate from above.  
3.4.4 Interpretation of normal force measurements with slip   
For the parallel plate geometry the shear stress is calculated at all radial points.  A relationship 
between shear stress and N1-2  is assumed.  
2
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Which can be integrated numerically. 
Slip will also occur for the cone and plate system.  To avoid multiple cone angle measurements a 
method was used where the nominal shear rate was discounted and only the )(1 τN results were 
considered.  As slip decreases towards the geometry rim due to the increasing gap the measured 
shear and normal stresses can only be considered to be averages of the undefined functions τ(r)  
and N1(r).  As the rheological behaviour of the CSEG suspension is characterised form the 
parallel plate measurements the corrected sear rate can be calculated from the shear stress 
measurements and )(1 γ?N can be determined.   
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3.5 Pipeline testing  
Pipeline data in the form of ΔP(Q, R, Cv ) was obtained in a pilot scale pipe loop (see Figure 18),  
details of which are given in Appendix 2.  The loop has sections of two different internal 
diameters which enable the effects of wall slip to be measured.  The data from clear water runs 
can be seen in Figure 19.  CSEG samples were prepared the day before testing providing the same 
equilibration as used for the rheometry tests (§3.2.2).  To maintain a homogeneous suspension 
the sample was recirculated prior to testing and agitated during each run.   Mass flow rate, 
suspension density, in-line temperature and pressure drop of each line was recorded via a data-
logger.  Cooling on the jacketed 40 L tank was used to maintain a steady temperature during runs.  
Despite this pump heating occasionally produced significant temperature rises for extended runs.  
Tests were abandoned if temperatures exceeded 40°C, as starch gelatinisation could occur, 
distorting particle characteristics. The experimental results were adjusted to a reference 
temperature of 25°C.  This was done by using the ratio of ethylene glycol viscosity at the 
reference temperature to its viscosity at the test temperature, and scaling the pipeline result 
accordingly.  This is valid for small temperature changes only where the change in viscosity is 4% 
per °C, and was used for temperature differences of <15°C.  The results obtained from these 
pipeline tests are shown in Chapter 4. 
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Figure 18 Diagram of the pipe loop system 
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Figure 19.  Clear water data for pipe loop.  Line fits are the 
von Karman equation for water at 35ºC.  Pipe internal 
diameters are 12.2 mm (NB0125) and 26.0 mm (NB025). 
3.5.1 Electro-Resistive Tomography (ERT) 
For laminar flow in pipelines, even for concentrated suspensions, settling will occur (Pullum & 
Graham 2002, Pullum et al 2006).  This effect has been explored for shear thinning suspensions 
but not for shear thickening behaviour.  This will affect the pressure drop and so the method of 
calculating pressure drop will have to be modified once a concentration profile in the pipe is 
established.  As part of the pipeline experiments Electrical Resistance Tomography (ERT) was 
employed as a method of measuring radial concentration profile in the pipe.  ERT is a form of 
Electrical Impedance Tomography where the distribution of an electrical property (resistance, 
capacitance or inductance) within a domain is measured and related to the concentration 
distribution.  In many mineral pipeline applications the resistance distribution is the most 
effective method as their suspensions are often electrically conductive.  A review of tomography 
methods for process applications is presented by Dickin and Wang (1996). 
The modified pipe loop layout to accommodate the ERT probes is shown in Appendix 2, the 
ERT ring is at the downstream end of the 25 mm line. The probes comprise a ring of 16 isolated 
electrodes equally spaced on the circumference of the inner wall.  A high frequency alternating 
current is injected into a pair of electrodes and the resulting voltages measured across the 
remaining electrode pairs.  The procedure is then successively repeated for the other electrodes 
around the ring.  A conductivity map is reconstructed from this data, the solids concentration 
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distribution being related to the conductivity distribution via the Maxwell equation.  The digital 
processing equipment and reconstruction algorithm are described in Wang and Dicken (1999). 
As the CSEG suspension has a low conductivity a small volume of concentrated saline solution   
was added to increase conductivity to ≈100 mS.  This low salt concentration had no detectable 
effect on the rheology of the suspension (see 3.4.4).   The runs were conducted as in 3.4.4 and 
the results are shown in Chapter 4. 
3.6 Dynamic light scattering  
3.6.1 Light scattering experiments 
Initial light scattering experiments were conducted to explore the changes in particle orientation 
or structure that would occur to CSEG under shear.  Due to the high degree of light extinction 
by the CSEG suspension and the complexity of multi-point scatter experiments these were 
largely unsuccessful and will only be discussed briefly here for completeness.   
Herle et al (2005) used small angle light scattering on surfactant solutions to detect changes in 
structure with shear, their system was largely transparent and so the light extinction experienced  
by them was not of concern.  A similar experiment was conducted on CSEG suspensions as part 
of this study but no useful information could be extracted from the exit beam due to the 
multiplicity of scattering points.   
Methods that exploit multiple scattering points such as Diffusing Wave Spectroscopy (DWS), are 
suitable for detecting very small movements of particles that can then be interpreted to infer 
irreversible movement and clustering of particles (Weitz & Pine 1993, Durian et al 1991).  
However, this sort of information would not be useful for understanding a sheared, concentrated 
suspension as the particles move through too large a distance.  Baravian et al (2004) used this 
approach to measure a shear thinning suspension of micelles and detected anisotropy in the 
backscattered laser light which they interpreted as indicating particle alignment.  This was only 
possible due to the polarising effects of the micelles, which are not significant for the particles 
used in this study due to their larger size. 
Microscopy of the shear surface was only able to examine the first particle layer adjacent to the 
moving wall and so yielded no useful information. 
3.6.2 Coherent back scattering (CBS) principle  
As the concentrated suspensions of interest to this study could not be examined using the 
techniques suitable for lower concentrations of solids, described above, the method of coherent 
back scattering was employed instead.  This technique can be used to characterise the orientation 
of a group of particles by measuring the solid angle of the backscattered laser light from the 
suspensions surface. 
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Using the techniques of Albada and Lagendijk (1985) it is possible to probe the structure of 
highly concentrated, near spherical, packed suspensions using micrometre scale particles.  Their 
study used the concept of “weak localisation” of electromagnetic waves in random media.  That 
is, a random anisotropic packing will cause the localisation of light due to the absence of 
diffusion resulting from the uniform interference of all the scattered waves, and this will be seen 
as enhanced backscattering.  They provide solutions for the scattering that occurs when light 
propagates through a random medium based on Mie scattering. 
Although Mie theory is a rigorous description for light scattered by spherical particles and not 
ideal for non-spherical particles (Lumme, Rahola and Hovenier, 1997) it will be used here as a 
first approximation to describe the observed scattering behaviour of the mildly ellipsoid starch 
particles.  Calculations of scattering efficiencies and related parameters from Mie theory are 
obtained via the BHMIE code (Bohren & Huffman, 1983).  Details of the calculations are given 
in Appendix 3.  The polydisperse size distribution of the starch particles could potentially 
complicate the analysis of the backscattered light, however, as the particle size distribution is 
narrow a weighted average of the mean diameter based on scattering area can be used.  The 
method of calculation is in Appendix 3. 
The ratio of particle spacing to light wavelength, λ, used here further simplifies the analysis.  For 
an optically disordered system where the number of scattering points per cubic wave length 
exceeds unity, the mean-free-path lengths for photon transport cannot be calculated by Mie 
theory in the independent-scatterer approximation (Saulnier et al 1990).  No correction was 
required in the current study as this condition was not met, i.e. the particle volumes are much 
larger than λ3. 
The concept of enhanced backscattering is illustrated in Figure 20.   Any two coherent photons 
that travel the same scattered path in a random media, but in reverse order, will constructively 
superimpose (self interference) in the backscatter direction.  The angle at which the emerging 
photons emerge from the surface is determined by certain particle characteristics. 
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Figure 20 Representation of the path of two superimposing 
photons in a random medium. 
The critical scattering angle, Cθ , is calculated (Liboff, 1990) to be; 
ctC *.2 ?
λθ ≈  (30) 
 
Where λ, is the wavelength of light, c is the speed of light, t is time between scattering points and  
ℓ* is the transport mean free path calculated as follows; 
))cos(1(
*
SCAθ−=
??  (31) 
 
Where ℓ is the scattering length, and  SCAθ  is the scattering angle, in this case calculated for starch 
particle size distribution via Mie theory (Appendix 3).  Scattering length can be calculated from; 
SCASCASCA Q..
1
σρ=?  
(32) 
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Where, SCAQ  is the scattering efficiency (which is also calculated from Mie theory),  SCAσ  is the 
area of the scatterer calculated as the projected area of the particle and SCAρ is the density of 
scattering points which can be calculated from Cv. 
The maximum scattering angle, mθ , will occur when  ℓ=ct, so from Equation (30); 
*.2 ?
λθ ≈m  (33) 
 
Any physical phenomenon that has an effect on the distribution of path lengths, particularly the 
long scattering paths, will therefore have an effect in (or near) the backscattering direction. Any 
observed change in backscattering angle will be due to a change in the product SCASCASCA Q..σρ .  
Changes due to an increase in system order would be observed as a decrease in the intensity of 
scattered light, not the backscatter angle.  Changes in SCAQ  can be compared to the work of 
Voshchinnikov et al (2000) for spheroids (ellipses of rotation) where extensive calculations for a 
range of spheroids shows that scattering efficiency increases as the spheroid becomes 
perpendicular to the plane of the incident light. This, however, becomes insignificant for larger 
particles and can be ignored for the starch particles used in this study.  Variation in SCAσ  can be 
related to angle ψ (between the light direction and the particle major axis) for a prolate spheroid 
with major semi-axis a and minor semi axis b; 
2
1
2222 )cossin( ψψπσ babSCA +=  
(34) 
 
The relationship in Equation (34) will be used in Chapter 4 to estimate the change in orientation 
that occurs when the CSEG suspension is sheared. 
Variation in SCAσ  can be brought about by changing Cv  and this was used as a demonstration 
that the CBS apparatus (see §3.6.3)  was capable of  correctly measuring change in the mean free 
path.  Figure 21 and Figure 23 show the values of scattering angle θm and scattering angle at half 
maximum intensity θm/2.  The latter value is useful as it avoids some of the background noise 
present in measuring  θm.  Both parameters can be seen to increase with Cv which is the expected 
result from (32). 
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Figure 21. CBS measurements for unsheared CSEG, showing 
maximum scattering angle.  
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Figure 22. CBS measurements for unsheared CSEG, showing 
scattering angle at half maximum intensity.   
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3.6.3 Coherent back scattering apparatus 
The CBS apparatus is shown in Figure 23 to Figure 26.  The design is based on that of Albada 
and Lagendijk (1985), and is similar in concept to that of Baravian et al (2004), although the latter 
was used for steady light diffusion measurements.  The ARES Rheometer (§3.3.1) was used for 
shearing the CSEG sample.  Light from a 1 mW red laser was passed through a collimator to 
expand it and reduce beam divergence before being directed onto the sample with a partial 
mirror.  Both the incident beam and the backscattered beam passed through a spatial filter 
(pinhole). The incident beam was arranged such that it varied slightly from the perpendicular 
deviated slightly from perpendicular to the sample surface and so avoided reflection from the 
acrylic surface entering the detector.  Initially a metal upper plate on the rheometer with an acrylic 
window was used to reduce stray reflection but this proved unnecessary and an acrylic upper 
plate was used interchangeably.  The scattered beam profile was detected by a CCD device on a 
video camera (see Appendix 1 for details) which has a pixel size of 11 μm.  The path length 
between the surface of the sample and the detector was 1073 mm, giving the apparatus a 
maximum resolution of 10 μrad although building and equipment vibration reduced this to ≈30 
μrad.  Heavy curtains were used to shield the apparatus from ambient light, and spurious laser 
reflections. 
 
 
Figure 23 Diagram of the CBS apparatus.  The parts are 
labelled as follows: a; laser, b; collimator, c; partial mirror, d; 
spatial filter (pinhole) e; acrylic window in upper plate, f; face 
silvered mirror, g; CCD, h; tube, k; beam dump. 
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Figure 24.  CBS apparatus attached to ARES rheometer 
(left).  The CCD device is on the far right.   
 
Figure 25.  Detail of CBS apparatus. The laser, 
collimator and face silvered mirror can be seen.
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 Figure 26.  Detail of CBS apparatus.  The partial mirror and 
sample held between the acrylic plates can be seen. 
The laser beam output from the collimator did not produce a spatially constant intensity.  To 
compensate for this and any variation in the CCD sensitivity the signal reflected from a matt 
white surface was measured and used to create a correction curve, Figure 27.  This curve was 
used to correct the output of the CBS experiments.  A fit to the curve is shown in Figure 27, 
which is a Gaussian curve with the natural log of the scattering angle as independent parameter, 
equation (35). 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−
= 2
2
2
))(ln(
2
1),,( σ
μθ
πσσμθ ef  
(35) 
Where μ is the mean value and σ is the standard deviation. 
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Figure 27.  Laser intensity profile used for correcting 
backscattered results. The experimental data is normalised 
against the mean value.  The fitted curve is equation (35). 
3.7 Non-rheological characterisation   
The characteristics of the starch granules were determined by various techniques to be later used 
in CBS tests, determination of volume fractions, modelling etc.  
3.7.1 Environmental scanning electron microscope (ESEM)   
 
To characterise the shape of the particles in this study and to provide a comparison to the sizing 
data derived in §3.7.2 a scanning electron microscope (SEM) was used to produce the 
micrographs Figure 2 and Figure 3.  The microscope was used in environmental mode (ESEM) 
where a very low chamber pressure was maintained, which avoids the need for sputtering a 
metallic coating onto the samples which would destroy the important features on the starch 
particles.  Further equipment details are given in Appendix 2. Images were obtained of corn 
starch at ambient humidity and on dried mineral samples. 
3.7.2 Particle size distribution via laser particle diffraction  
The particle size distribution of corn starch and mineral samples was measured via a laser 
diffraction technique (Low Angle Laser Light Scattering, LALLS) using a Malvern Mastersizer X 
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(equipment details are in Appendix 2).  The particle size distributions can be seen in Figure 4 and 
Figure 5.   
The methods for testing the mineral samples followed Allan (1997) and for the starch samples 
used the method of Cornell et al (1994).  The corn starch was suspended in ethylene glycol during 
the measurements to produce a consistent degree of swelling. 
3.7.3 Determination of refractive indices and absorptivities of corn starch granules. 
Values of the refractive index (RI) of corn starch and its absorptivity of red laser light (the 
imaginary component of the RI) were required for determining the particle size distribution in 
§3.7.2 and for the application of Mie theory in §3.6.2. The RI was determined using the standard 
Becke Line microscopy test (Faust 1954). Observations were made of the interference band close 
to the interface between the starch particle and the liquid it was dispersed in (see Figure 28).  As 
the interference band appears in the phase with the higher RI the upper and lower bounds of the 
starch particle’s RI could be determined.  Tests were conducted using the dispersants in Table 3, 
and Figure 28 shows the micrographs of the two closest RI fluids.  The corn starch RI can 
therefore be estimated at 1.48 ± 0.01, which is sufficient precision for the stated purposes.  
Further equipment and test details are given in Appendices 1 and 2. 
Table 3 Fluids used for determination of starch refractive 
index. 
Dispersing Medium Refractive Index
Ethylene glycol 1.4325 
Glycerol 1.47 
Xylene 1.494 
Cedar wood oil 1.515 
 
  52
 
Figure 28.  Becke line microscopy test.  Corn starch in 
glycerol (RI 1.47, left), and xylene (RI 1.494 right).  The 
particles contain the interference band in glycerol. Scale 
major divisions are 63μm. 
Corn starch absorptivity of red laser light, aR,  was determined from the Malvern analyser via the 
Beer-Lambert law (Atkins, 1982);  
vcRR ClaA =  (36) 
Where AR is the sample absorbance and lc is the sample cell length. 
 Using CSEG in the Malvern analyser (3.6.2) with a known Cv estimates of the absorptivity were 
made based on the loss of laser light transmission.  Further details are found in Appendix 1. 
3.7.4 Determination of densities and volume fraction  
 
The density of the starch particle was required for calculation of Cv and later modelling.  The 
value for the wetted particle was required rather than that of the dry particle.  A specific volume 
measurement of a CSEG suspension (Cw = 0.45) was made in a 200 ml standard flask in place of 
a pycnometer due to difficulties involved in loading a shear thickening suspension into a narrow 
pycnometer neck.     In addition the highest packing fraction that can be achieved by settling was 
determined by removing supernatant fluid over an extended period (see Table 4) 
 
  53
Table 4 Mass and volume fractions with settling time for 
CSEG sample. 
Settling time (hours) Cw Cv 
0 0.530 0.450
100 0.586 0.503
1000 0.592 0.509
 
From the above maximum packing fraction by settling (without shear) is estimated to be 0.509. 
The calculation of the density of the starch particle equilibrated in ethylene glycol is 
straightforward and the value is shown in Table 1. 
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CHAPTER 4 EXPERIMENTAL RESULTS AND DISCUSSION 
4.1 Overview of experimental results 
This section presents an analysis of the results from rheological experiments to characterise (and 
subsequently eliminate) the wall slip effect, allowing the true rheological behaviour of a shear 
thickening suspension to be examined (§4.2).  Although this is largely a revised rheometric 
technique, rather than producing a fundamental outcome, the rheological behaviour that is 
revealed by this method allows for a modelling approach that reflects the true suspension 
behaviour (see §5.1).  The rheological data that is produced by the above method is fitted with 
the Herschel Bulkley model which allows for the variation of rheological model parameters to be 
compared to the behaviour of other suspensions described in the literature.  One particular effect 
that is of interest in shear thickening suspensions is the change in the minimum of the viscosity-
shear rate curve as it varies with Cv.  
The next two sections deal with experiments that investigate what is occurring to the particles at 
the various stages of shearing, and how they relate to the variation in viscosity.  The transient 
rheology tests, such as the large angle oscillating strain (LAOS) tests, are used here to determine 
the strain required to initiate a shear thickening response, a measurement that can then be related 
to particle-particle interaction using a suitably developed model.  The results of the coherent back 
scattering (CBS) experiments show the change in orientation of the particles with respect to its 
rotation around the vorticity axis (z), which can subsequently be related to viscosity changes and 
provide evidence to distinguish between a purely hydrodynamic change and a transition that 
involves the creation and breaking of bonds when the suspension shear thickens. 
4.2 Results of wall slip experiments 
Some of the uncorrected rheometer data from the 40 mm parallel plate system are shown in 
Figure 29 and Figure 30.  The effect of gap height can be clearly seen in Figure 30.   
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Figure 29. Uncorrected rheogram of the EGCS suspension at 
Cw = 0.47 and 0.50 , tested on the SR 200 with 40 mm plate 
diameter, 1 mm gap. 
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Figure 30.  Uncorrected rheogram of the CSEG suspension 
at Cv = 0.421, tested on the SR 200 with 40 mm plate 
diameter, 0.5, 1.0 and 2.0 mm gap. Note gap in shear rate 
data is due to using a controlled stress rheometer (i.e. there is 
no large gap in the shear rates). 
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Figure 31 Uncorrected rheogram of the CSEG suspension 
(Cv = 0.45), tested on the ARES 50 mm plate diameter, 0.5, 
1.0 and 2.0 mm gap 
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Figure 32.  EGCS suspension at Cw =0.50, 40 mm plate 
diameter, 0.5, 1.0, 2.0 and 4.0 mm gap, low angular velocity 
values.  NB the data is independent of gap height.  
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When viewed as torque vs. angular velocity (Figure 32) at low angular velocity the data is 
independent of gap height (h) and equation (26) can be used to calculate the slip parameters α 
and β.  All values of β measured for this suspension were ≥1, indicting that the power 
relationship was necessary.  β was independent of shear stress and concentration but varied with 
shearing surface material, the derived values of β were stainless steel-1.0, ceramic-3.0 and silicone 
carbide-3.6. The remaining rheological parameters were then calculated via the method outlined 
in §3.4.1.2 as a best fit to the experimental data.  These fitted curves are shown for the three 
concentrations in Figure 33, Figure 34 and Figure 35, and are seen to describe the general 
characteristics of the curve quite well.  For comparison the corrected data is plotted with the 
uncorrected data and the data processed by the method of Yoshimura and Prud’homme (Figure 
38). A comparison between the α values for different plate surfaces is shown in Figure 36 and 
Figure 37.  This clearly demonstrates how roughened surfaces have some improving effect on 
wall slip but still ultimately fail.  Although α  decreases with increasing concentration it is clear 
from equation (20) that slip velocity, Vs , as a function of shear stress will still increase with 
concentration.  This is due to the rapid increase of viscosity with concentration (see Figure 41) 
and the consequent higher shear stresses experienced.  
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Figure 33. EGCS suspension at Cw= 0.47, 40 mm plate 
diameter, 1.0 mm gap.   Measured data is compared to 
Equation (15), after applying the method from §2.3 
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Figure 34.  EGCS suspension at Cw = 0.50, 40 mm plate diameter, 0.5, 1.0 and 2.0 
mm gap. Measured data is compared to Equation (15)  
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Figure 35. EGCS suspension at Cw =  0.53, 40 mm plate diameter, 1.0 and 2.0 mm 
gap.  Measured data is compared to Equation (15) 
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Figure 36 α values for equation (24) from stainless steel 
plates. 
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Figure 37. α values for equation (24) from plates of different 
materials with increasing roughness silicone. 
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Figure 38. Comparison of raw data with corrected results and 
the method of Yoshimura and Prud’ homme, EGCS 
suspension (Cw = 0.50).   
 
The corrected rheogram can now be seen to have no point of inflection.  This is not simply an 
artefact of applying a Herschel Bulkley model to the data as the use of an arbitrary 4th or 5th order 
polynomial fit produces similar results.  The Yoshimura and Prud’homme method can be seen to 
be deficient at the high and low rate regions, both areas where 2
2
ωddM  are large (Figure 33). 
A comparison of slip velocity measured directly with the 50 mm diameter transparent plates and 
that calculated from equation (20) is plotted in Figure 39.  The results show some experimental 
scatter but are generally in good agreement.  It should be noted that Vs was measured on both the 
upper (stationary) and lower (rotating) plate.   It should also be noted that τ is constant at a given 
radial position for torsional flow, and if true wall slip is occurring at one surface it will necessarily 
occur at the other.  The similarity of the two sets of data indicates that there was wall slip at both 
surfaces and was not simply due to wall depletion at the moving upper surface that occurred 
during shearing.  This is similar to the findings of Yoshimura & Prud’homme (1988) and 
Yilmazer & Kalyon (1989).  It should also be noted that the presence of normal forces (§4.3.2) is 
consistent with slip not wall depletion. 
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Figure 39. Comparison of slip velocity measured directly by 
video capture with 50 mm diameter transparent plates and 
that calculated from Equation (20) (solid line).  Vs are 
measured at various gap heights and radii.  
In light of the relationship displayed in Figure 38 a different view of the published results for 
shear thickening fluids is proposed, whereby in some cases the complex rheograms are really a 
consequence of the interaction of wall slip effects and shear thickening, and do not require more 
complex explanations.  It follows that the suspensions when exposed to high shear stresses do 
not necessarily experience high shear rates through the bulk of the fluid.   
4.3 Rheograms and rheological parameters -steady shear measurements 
4.3.1 Shear stress measurements 
After the corrections of §4.2 are applied the data that results is free from wall slip artefacts.  The 
suspension can be seen to display a yield stress and shear thickening rheology as shown in Figure 
40 and Figure 41.  Figure 40 shows the corrected form of the raw data displayed earlier in Figure 
29.  Individual data points are not expected to closely match the corrected curves, the direct 
comparison to the experimental data was shown in Figure 33 to Figure 35.   Figure 40 compares 
the corrected data to one set of experimental data taken with a geometry gap of 0.5 mm, the 
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difference in the true shear stress measurement is due to the removal of the wall slip artefact.  
The corresponding viscosity data is shown in Figure 41. 
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Figure 40 Herschel Bulkley fits (lines) compared to 
uncorrected data (0.5 mm gap).  
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Figure 41.  Corrected viscosity data for the same conditions 
as Figure 40. Note that minima occur at decreasing shear rate 
as Cv increases. 
The viscosity minimum, between the shear thinning region and the shear thickening region has 
been referred to as the critical shear rate, cγ? .  The significance of this value, if any, will be 
examined further in §5.1.  For the present it will serve to identify a reference point between 
different graphs and authors.  The minima from Figure 41 are plotted in Figure 42 as a decreasing 
function of Cv.  In as much as this corresponds to the critical shear rate this trend is in agreement 
with the majority of reported data on shear thickening suspensions (§2.3).  In particular there are 
qualitative similarities to the behaviour shown in Hoffman (1972) for 1 μm spheres, but at lower 
cγ?  values in this study.  The lower cγ?  values are in accordance with the decreasing trend with 
particle size shown in Barnes (1989b). 
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Figure 42.  Onset of shear thickening or “critical shear rate” 
variation with Cv for CSEG. The cγ? values are the viscosity 
minima taken from Figure 41. 
For the fitted Herschel Bulkley parameters, equation (19), the shear dependence index n is always 
greater than 1 for the range of concentrations tested (Figure 43).  It is not always possible to 
compare the magnitude of n seen here with literature values as many suspensions have results 
confounded with wall slip effects.  One useful example is from Green and Griskey (1968) with 
tests also conducted on CSEG suspensions.  Their published data is replotted in Figure 44 and n 
values can be estimated from a line of best fit if a small τy is assumed.  It can be seen that at the 
lower values of Cv tested the values of n are similar to the current study.  The higher Cv values 
produce unusually large values of n, and this can only be explained by examining the maximum 
packing concentration of the CSEG suspension.  It was shown in 3.7.4 that Cvm by settling is 
0.509, but it is likely that Cvm  is a decreasing function of τ in the shear thickening region, and 
when sheared the ratio of 
vm
v
C
C  increases; this is discussed fully in 5.1.1 .  The high n values are 
due to the proximity to the effective Cvm  encountered during shearing. 
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Figure 43 Index for the Herschel Bulkley model, equation 
(19).  Comparison is made to similar data from Figure 44 
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Figure 44.  Rheology data for CSEG from Green and 
Griskey (1968).  Legend shows Cv. 
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The change of suspending medium from ethylene glycol to glycerol represents a change in 
viscosity of 50 times.  The comparison is shown in Figure 45 and as relative viscosity, ηr in 
Figure 46.   The magnitudes of the viscosity minima are approximately the same but the shear 
rates where they occur, cγ? , are different.  A similar effect can be seen in Metzner and Whitlock 
(1958) where <1.0 μm TiO2 particles were suspended in 1, 17 and 42 mPas Newtonian media, 
although this is not mentioned by the authors. The minima cannot be made to coincide by 
plotting as a function of NPe or NReγ˙.  These two parameters include the different suspending 
media viscosities but would over correct and the curves would still not match.  It is not 
unexpected that a simple scaling approach is not successful for a shear thickening suspension due 
to their non-linear behaviour.  Further examination of an appropriate means of scaling shear 
thickening effects with fluid and particle parameters is made in §5.1.   
 
1
10
100
1000
10000
0.01 0.1 1 10 100
γ . (s-1)
 η 
(P
as
)
EG
GLYCEROL
 
Figure 45. Corn starch in glycerol (viscosity 1000 mPas) 
compared to ethylene glycol (EG, viscosity 19 mPas) both at 
Cv = 0.373. 
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Figure 46.  As for Figure 45, but with relative viscosity on the vertical axis. 
If the CSEG suspension, which is composed of spheroidal particles, is compared to a suspension 
of spheres the effects of shear thickening occur at lower Cv values.  Even if compared on the 
basis of reduced concentration, Cr =Cv /Cvm, a difference is still apparent.  For the CSEG 
suspensions tested in this study (Cvm=0.509), Cr values from 0.64 to 0.88 all displayed shear 
thickening behaviour, whereas Cr = 0.61 is not shear thickening (Green and Griskey 1968).    
Suspensions of Cr = 0.92 were prepared in the current study, but these were impossible to load 
into a rheometer and obtain experimental data from due to their extreme shear thickening 
behaviour.  Suspensions of spheres with Cr = 0.89 to 0.98 have been prepared in Bender and 
Wagner (1996) and Boersma et al (1990) and they were able to obtain rheological results that 
display shear thickening.  For suspensions of spheres with Cv<0.5, Cr <0.76, shear thickening is 
not detected at experimentally feasible shear rates.  Exceptions occur when clustering of particles 
create higher effective particle volume fractions, see Watanabe et al (1998).  This effect of shape 
on shear thickening behaviour has been seen previously by Hoffman (1982) and will be discussed 
further in §5.1. 
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Figure 47 Coefficient for the Herschel Bulkley equation, 
equation (19).   
Figure 47 shows the non-linear increase of k, the coefficient for the Herschel Bulkley equation, 
for the CSEG suspension.  The behaviour shown is typical of concentrated suspensions (see 
Dabak & Yucel, 1987). The presence of a small but finite and measurable yield stress is shown by 
the low shear rate plateau of the τ(γ˙) curves, Figure 40.  Figure 48 shows the increase of yield 
stress with concentration, with a comparison to equation (1).  The close fit in Figure 48 indicates 
that the yield stress scales with  Cv3/(Cvm-Cv).   The detection of a yield stress from rheometric 
testing is in contrast to the quiescent behaviour of the CSEG suspension, and other suspensions 
of its type.  The suspension has no static yield stress so slow settling of the particles will occur 
when unsheared.  This implies that for the type of particle-particle, Coulombic interaction that 
gives rise to yield stress behaviour (as described in §2.2.1) to occur, it is necessary for a certain 
amount of particle orientation to occur, brought about by the application of a shear stress.  This 
aspect is discussed further in §4.4.2, where transient measurements are used to measure the 
amount of strain that is required before the yield stress effect “engages”. 
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Figure 48 Yield stress for CSEG suspensions.  Line is 
equation (1) 
 
4.3.2 Normal stress measurements 
 
In both the case of torsional flow and cone and plate results the scatter in the measurements is 
greater than that for the shear stress results.  This is due to several reasons, including the 
oscillation of the thrust measurement due to mechanical imperfections (§ 3.3.2) and the necessity 
of normal force readings occurring at higher shear rates due to the relative insensitivity of the 
technique.  The scatter observed is typical of normal force measurements (Ohl and Gleissle, 
1992), which is further amplified via the integration in equation (12) or (29).    
 
As described in §3.4.4 N1 is derived from cone and plate measurements and N2 is subsequently 
derived from torsional flow with N1-2 as an intermediate parameter of no intrinsic meaning.  The 
uncorrected results for the CSEG suspension in torsional flow are shown in Figure 49.  As the 
results need to be corrected for slip effects the data is presented in the form of measured total 
thrust against calculated total thrust measurements.  The calculations are made using equations 
(27) and (29), with constants G1 and G2 as fitting parameters, via the method in 3.4.4.    The 
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arbitrary constants G1 and G2 do not vary with concentration.  Some experimental scatter is seen 
in Figure 49.  An example of the variation of N1-2 along the radius of the measuring geometry is 
shown in Figure 50.  The variation of N1-2 with shear rate can then be calculated from the 
Herschel Bulkley parameters (§4.3.1) and the constants G1 and G2.  This is shown in Figure 51. 
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Figure 49 Comparison of experimental normal force 
measurements (ARES 50 mm parallel plate) and equation 
(27) (solid line) with G1= 0.61 and G2=1.41 
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Figure 50 Variation of τ and N1-2 with radius calculated from 
equation (27). Cv = 0.392, 1 mm gap, 2 rad.s-1    
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Figure 51.  The  difference between N1 and N2 from 
torsional flow, corrected for slip.  Legend shows Cv .   
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N1 measurements via the cone and plate geometry are shown in Figure 52 and Figure 53.  N1 is 
clearly negative for low shear rates and becomes large and positive under similar conditions of 
γ. and Cv as the apparent transition to shear thickening occurs in Figure 41,  i.e. earlier onset with 
increasing Cv.  The region where 021
2 =γ?d
Nd  is not easy to determine with precision but is at a 
higher shear rate than the viscosity minima, or critical shear rate, in Figure 42, for all 
concentrations.  Similarly, the deviation from linearity in the N1=f(τ) relationship (see Figure 54) 
does not occur at the same shear stress as the viscosity minima (Figure 55).   It is believed that 
this phenomenon of a reversal of sign for N1 at or near the onset of shear thickening for a non-
colloidal suspension has not been previously reported. 
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Figure 52  CSEG N1 results for 50 mm cone on ARES 
rheometer.  Legend shows Cv . Solid lines are a guide only. 
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Figure 53.  As for Figure 52 but with expanded vertical scale 
for clarity. 
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Figure 54.  As for Figure 52.  Data is restricted to the 
concentrations and region where N1 is proportional to τ 
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Figure 55.  Viscosity against shear stress for comparison with 
Figure 54 
The N1 results are compared to the predictions of Bagnold (1954) by using equation (2), see 
Figure 56.  The fit is poor and does not predict negative values at low shear rates.  Figure 54 is an 
expanded scale that shows that for small shear rates N1 is proportional to -τ, similar to Laun 
(1994) and the modelling of Hess (1994).  Lootens et al (2005) using a 1 μm roughened silica 
suspension finds positive N1 at higher shear rates for higher concentrations.  For their shear 
thickening region N1was proportional to shear stress, a similar relationship cannot be determined 
for the current results as the onset of positive N1 is accompanied by large, negative N2 and 
therefore sample edge fracture.  No further results at higher shear rate can be obtained. 
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Figure 56.  As for Figure 52, dashed lines are predictions 
based on Bagnold relationship, equation (2). 
The N2 results are derived from subtracting parallel plate measurements from cone and plate 
measurements (§3.3.2) at the same shear stress.  The derived results can be seen in Figure 57, and 
the absolute values are shown on log scale for clarity in Figure 58.  N2 can be seen to be negative 
for all shear rates and concentrations examined, and increase in magnitude more rapidly at higher 
Cv.  The ratio N1/N2  is shown in Figure 59,  this is close to unity until, as before, around the 
region that shear thickening appears it deviates.  This occurs earlier for higher Cv.  Some caution 
is required with these results as a ratio of 1 means a zero total thrust measurement from the 
parallel plate measurement, an outcome which could be the result of poor measurement 
technique and experimental errors.  There is additional information from observing the 
experiments that supports the data, however.  The experiments ended when edge fracture caused 
the sample to cleave and the values of all measured stresses to plateau or drop. The edge fracture 
is an indication of large negative N2 values (§2.2.2), as is seen in Figure 57.   
The normal stress results are similar to the experimental results of Zarraga and Leighton (2000) 
for a non-colloidal suspension of spheres in a Newtonian fluid.  They show that both N1 and N2 
are negative and proportional to the shear stress, and that |N2| > |N1|and in Zarraga et al (2001) 
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the magnitude of N1 and N2 increased with the solids volume fraction (Cv) and the ratio |N1/N2| 
decreased as Cv increased.   This was observed in the current study up to the approximate region 
where shear thickening appeared.  Comparisons can be made with the simulation findings of Cui 
et al (2006) for flow-aligning rods, N1 < 0 and N2 < 0.  It is likely that this partially aligned 
condition would be similar to that experienced by the CSEG suspension at the hydrodynamic 
minimum, just before shear thickening begins.  Further aspects of the relationship of N1 and 
γ? are discussed in 5.1.2, in particular how they result from the particle shape and particle fluid 
interaction. 
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Figure 57.  CSEG N2 results derived from 50 mm cone and 
50 mm parallel plate measurements on ARES rheometer.  
Legend shows Cv . Solid lines are a guide only. 
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Figure 58.  As for Figure 57 with a log scale for the absolute 
value of N2 for clarity. 
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Figure 59.  Ratio of N1/N2.  Legend shows Cv . Solid lines 
are a guide only. 
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4.4 Transient measurements 
Shear thickening effects require a finite time to operate.  A fast effect was reported by Lee and 
Wagner (2003) with colloidal suspensions of silica.  In this instance fast means that shear 
thickening effects occurred within the time of the oscillation they were subjected to. The 
implications of the speed of onset can be unusual; Merkt et al (2004) have produced persistent 
holes and persistent three dimensional structures in vibrated shear thickening suspensions.  They 
observed stable holes in a vertically oscillated 0.5 cm deep aqueous suspensions of cornstarch or 
glass micro-spheres.   
This section reports on the transient rheological effects measured in the CSEG suspension. 
These effects will be considered later in 5.1.2 for determining the correct form of model that 
should be used to describe the rheological behaviour of non-colloidal, shear thickening 
suspensions. 
4.4.1 Stress relaxation and relaxation times 
Stress relaxation tests were conducted on CSEG suspensions with Cv = 0.45 using the parallel 
plate geometry for a range of strains from 1 to 200%.  The exponential decay of τ(t) can be seen 
on the semi-log axes in Figure 60.  In all cases τ(t) decreases rapidly to below the τy value 
measured previously for Cv = 0.45 (τy = 0.42, Figure 48).  This can be compared to the results of 
Gadala-Maria and Acrivos (1980) where shear induced structure was retained after the cessation 
of shear.  This is not the case here as all structure disappears upon the removal of external shear.  
If a simple viscoelastic fluid model such as the Maxwell model is used to fit the data a relaxation 
time, λR, can be estimated.  The Maxwell model is shown as equation (37).   
 
R
t
eGtG λ
−
= 0)(  
(37) 
 
From a best fit to the data at all strains, shown in Figure 60, a λR of 0.012 s results.  Such a low 
value indicates that the suspension behaves as an inelastic fluid when not subjected to a strain, or 
the strain is removed.  This can be seen as evidence that no structure formation beyond inter-
particle friction is involved in the yield stress observed in §4.3.1.   
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Figure 60.  Stress relaxation for Cv = 0.45.  Legend displays 
initial strain. 
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Figure 61.  Stress relaxation results for Cv = 0.45.  Legend 
displays initial strain.  Solid lines are equation (37) with λR 
0.012 
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4.4.2 Results of LAOS experiments 
Large angle oscillatory strain measurements are used here to examine the transient aspects of the 
shear thickening suspension.  Unidirectional shear thixotropic measurements are not readily 
interpretable for shear thickening suspensions as the slip that is displayed cannot be easily 
characterised, the suspension changes viscosity with time and the slip coefficient changes as well.  
LAOS measurements are also susceptible to slip but this is not significant for the region of 
interest, that is, the value of strain that the onset of shear thickening occurs.  It is also possible to 
perform tests very close to the suspensions’ maximum packing fraction, which is not always 
possible for steady shear measurements.  For most of the data presented in this section torque is 
plotted as the dependant variable rather than storage and loss moduli.  This is due to the 
suspension’s small linear visco-elastic region, and the large strain tests all occur in the non-linear 
region.  In this region the calculation of the usual visco-elastic moduli is not valid, Walters (1975). 
Torque will suffice to indicate a change rather than a universal material parameter.   
The effect of wall slip is apparent in LAOS testing.  The example shown in Figure 62 shows the 
torque response for differing plate gaps.  In Figure 63 a more significant change in torque output 
can be seen when plotted against the inverse of rheometer plate gap separation, due to the higher 
concentration.  As can be seen in Figure 62 the effect of slip is small until the onset of the shear 
thickening response, as would be expected from the discussion in §3.4. The value of strain or 
stress where the onset of shear thickening occurs can therefore be considered to be reliable and 
only minimally affected by slip.     
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Figure 62. Effect of gap and the presence of slip. CSEG, Cv 
= 0.421, ω =10 rads-1, legend shows plate gap (mm) 
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Figure 63.  Effect of gap and the presence of slip. Cv = 0.45 
ω = 10 rads-1, legend shows strain. 
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The focus of several researchers has been to find commonality between the steady shear and 
oscillatory shear results for shear thickening suspensions.  The early work of Boersma et al (1992) 
found direct correspondence between cγ? and ωc (in Hz), but only at high frequencies. This is 
largely due to their results being confounded by the effects of slip in the oscillatory testing, as 
reported by Lee and Wagner (2003).  
Some of the results for CSEG undergoing LAOS can be seen in Figure 64.  Similar characteristics 
can be seen for the two concentrations, a linear torque-γ relation is apparent for low strains, and 
the deviation from linearity that occurs at a “critical strain” and decreases with Cv. The linearity is 
better seen in Figure 65.  No common γc can be seen for a single concentration in Figure 66, and 
clearly an  ωc  at an arbitrarily chosen γ could be made to match the appropriate cγ?  if desired. 
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Figure 64.  Effect of strain  ω 10 rads-1, legend shows Cv 
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Figure 65.  As for Figure 64, linear axes and expanded scale 
to highlight onset of shear thickening behaviour. 
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Figure 66.  LAOS tests on CSEG. Cv = 0.45, legend shows 
ω. 
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Lee and Wagner (2003) found that steady shear thickening and oscillatory shear thickening 
occurred at the same mean shear stress regardless of frequency.  This can be contrasted with 
Figure 67 where the complex viscosity, η∗, is plotted against mean oscillatory shear stress, τm, 
(averaged over the oscillatory cycle).  The minima from the η∗(τm) varies with angular frequency, 
ω, which is plotted in Figure 68.  From this it can be seen that the shear stress controlled 
hydrodynamic clustering modelled by Maranzano and Wagner (2001) and shown to apply to 
oscillatory testing by Lee and Wagner (2003) does not apply to the non-colloidal suspensions.   
There are similarities to the work of Lee and Wagner (2003) in that the shear thickening response 
seen here occurs over a time shorter than half the period of oscillation, 31 ms at 100 rad.s-1.   
Raghavan and Khan (1997) had previously conducted similar work with fumed silica and 
correlated (qualitatively) steady shear thickening and oscillatory strain hardening at a common 
shear rate.  Oscillatory shear rate was calculated as γ0.ω, where γ0 is the maximum strain.  This 
approach is effective if the system’s structural recovery time is longer than the period of 
oscillation, Krieger (1992).  This was not the case for the CSEG suspension. 
Additionally for the CSEG suspension the reversible behaviour at large strains, which shows 
reverse behaviour to that expected from a network structure, is consistent with reversible 
Stokesisan flow paths at the micro-scale.  This aspect will be examined further in 5.1.2. 
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Figure 67.  Complex viscosity plotted as a function of shear 
stress. η∗ is plotted rather than torque for comparison to Lee 
and Wagner (2003) 
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Figure 68.  Mean stress for viscosity minima Cv = 0.45.  The 
equivalent for steady shear is 0.2 Pa (see Figure 55) 
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From the data presented in this section it can be seen that a non-colloidal suspension such as 
CSEG does not undergo hydrodynamic clustering as the mechanism for shear thickening.  In 
Figure 69 the relationship between γ0 and Cv for a fixed oscillation frequency appears to be close 
to linear.  Possible reasons for this will be examined in 5.1.     
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Figure 69. Onset of shear thickening response.  ω=10 rads-1  
4.5 Results of Coherent Back Scattering experiments 
The CBS method described in §3.6.2 is used in this study to gather information on particle 
orientation for the concentrated CSEG suspension.  The particle orientation under known 
conditions of shear can then be related to rheological events that are observed in parallel 
experiments.  Correlating the information from CBS and rheological experiments will provide 
insight into the mechanisms causing the rheological behaviour. 
The typical output from a series of CBS experiments is shown in Figure 70.  The intensity is in 
arbitrary units, but the general shape can be determined, also the change in width with increasing 
imposed shear can be seen.  The variation with concentration is plotted in Figure 71 and 
compared to the theoretical curve calculated from equations (32) and (33).  The trend is similar to 
that of Albada and Lagendijk (1985) and the deviation from the predicted curve shape is in the 
same direction and of similar magnitude to that experienced by them.  Figure 71 is a strong 
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indication that the apparatus and technique are producing a reliable backscattering signal.  Figure 
72 displays a series of repeat measurements within one experiment.  It can be seen that the 
measurements are highly repeatable.  The repeatability is not so high between experiments which 
is most likely due to the strain imposed on the suspension during loading.  As the parallel plate 
testing geometry is closed some orientation (in the vorticity direction) is expected, leaving the 
particles in a non-random arrangement.  The short relaxation time discussed in §4.4.1 does not 
apply in this case as the suspension is still held under stress after loading and cannot relax.   
Rheological parameters corresponding to the region examined by CBS are calculated using the 
model parameters derived in §4.3.1 and conditions calculated at the 22 mm radial position. 
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Figure 70 Intensity vs. scattering angle for different apparent 
shear rates (legend), Cv = 0.421 
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Figure 71.  Transport mean free path as a function of volume 
fraction.  Solid line is comparison with theoretical result 
from equations (31) and (32). 
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Figure 72.  Stability test for CBS measurement. Cv = 0.421, 
aγ? = 0.05 s-1.  Error bars are 2% of value. 
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The transport mean free path, *? ,  was calculated for the CSEG concentrations that produced 
the most repeatable results; these were generally the higher concentrations.  The results are 
shown in Figure 73 to Figure 75, plotted against shear stress at the appropriate radial position.  
The common features of the curves is a smooth decrease from the maximum value with 
increasing shear stress until the yield stress is reached.  At this point a drop in the *?  value 
occurs and then it continues to decrease through a minimum.  From these results only the region 
of the minima rather than its precise location can be determined, but as can be seen for Cv = 
0.421 and Cv = 0.45 it is at or near the viscosity minimum or the cγ? .    The significance of this 
concurrence is discussed below. 
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Figure 73.  Transport mean free path for CSEG at Cv = 
0.392.  Line indicates yield stress, τy. 
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Figure 74 Transport mean free path for CSEG at Cv = 0.421.  
Heavy line indicates yield stress, τy, light line indicates τc .  
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Figure 75 Transport mean free path for CSEG at Cv = 0.45.  
Heavy line indicates yield stress, τy, light line indicates τc .. 
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The CBS *?  results can be converted to a measure of change of angle relative to the incident 
light beam using equation (34), which relates the area of scattering particles to the orientation of 
the ellipsoid major axis.  This can be converted to actual angle, ψ (see Figure 76 for definition) , if 
it is assumed that the orientation before shear has occurred is approximately random, and ψ is 
given the value 4
π . 
 
Figure 76.  Angle between incident light and ellipsoid major 
axis, ψ. 
The particle orientation is plotted for two concentrations in Figure 77 and Figure 78.  As the 
results are shown as function of shear rate the values with stresses below the yield stress sit on 
the vertical axis.  It can be seen from these two graphs that the particle orients at a greater angle 
to the incident beam, i.e. closer to the velocity direction, at or near the minimum viscosity and 
orients away from the flow direction as the shear rate and the viscosity increase.  The change is 
less dramatic for Cv = 0.45 as the concentration is approaching the maximum value (see 4.3.1) 
and the particles are less free to re-orient themselves.  From this the shear thickening can be 
associated with the effect of the mean particle orientation moving away from the hydrodynamic 
optimum of alignment with the velocity direction.   
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Figure 77.  Angle ψ between incident light and ellipsoid 
major axis for Cv = 0.421.  Line indicates shear rate for 
viscosity minimum, or cγ? . 
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Figure 78. Angle ψ between incident light and ellipsoid major 
axis for Cv = 0.45.  Line indicates shear rate for viscosity 
minimum, or cγ? .   
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4.6 Results of Pipe-loop experiments 
4.6.1 Pipe line flow 
To examine the applicability of the rheological and slip data derived in §4.2and §4.3 to pipe line 
flow and to observe the effect of a non-constant shear field experimental runs were made with 
CSEG on a small scale pipe loop, as per the method described in 3.5 . The results are shown in 
the pseudo-shear diagram; Figure 79.  Results at higher concentrations (Cv = 0.40) exceeded the 
available pump head due to severe de-rating of the pump’s performance by the suspensions’ 
shear thickening response. 
The experimental results are compared to the method of Heywood (1991) for predicting pipe 
pressure drops by incorporating the Herschel Bulkley parameters for the CSEG suspension 
measured by rotational rheometry (4.3.1).  The predicted curves are shown with the experimental 
data in Figure 79.  For pipe flow of yield pseudo-plastics, Heywood (1991) calculates a form of 
the Fanning friction factor, Nf , equation (40), using a modified Reynolds number, Re(mod)N , 
equation (38), and a modified Hedstrom number, (mod)HeN ,equation (39). 
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Apart from the lowest concentrations and the low flow rate range the pipeline results do not 
match the results predicted by this method due to the strong effects of wall slip.   The difference 
in experimental and calculated results is due to the effects of wall slip and the concentration 
profile (discussed below) and would be equally poor for any similar calculation method that 
assumes homogeneity and a no-slip condition. 
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Figure 79.  Pipe loop data (symbols) compared to method of 
Heywood,  equation (40) (lines).  Legend shows Cv, closed 
symbols are 0125NB pipe, open symbols are 025NB pipe. 
Wall slip makes a major change to the measured value of Q.   The effect is more pronounced on 
the 12.5 mm nominal bore (0125NB) pipe than the 25 mm nominal bore (025NB) pipe as is 
expected.  The experimental results from the pipe loop are compared to values calculated from 
parallel plate rheometry by a numerical method, see A3.3, which allows for slip.  The slip 
parameters estimated from rheometry measurements in 4.2 cannot be used here as the pipe 
surfaces have a different roughness, and are estimated here by a best fit to the data.  The slip 
parameters follow the same trend with concentration as in 4.2.  For the 025NB pipe the method 
underestimates the Q or 8V/D values by a small amount.  This is due to settling of the particles 
in the pipe.  The in-pipe concentration profiles can be seen in Figure 84, below. The velocity 
profile needs to be adjusted from the usual axi-symetric power law shape seen in laminar flow to 
a distorted quadratic (heavier on the lower side) shape due to non-constant concentration effects 
from settling.  This is discussed in 4.6.2. 
The shear thickening effect is apparent in pipe-line flow.  In Figure 80 a heavy line is included to 
indicate the gradient of a Newtonian fluid.  All the suspension rheograms have gradients >1, but 
not as steep as the n values from parallel plate rheometry would suggest.  The shear thickening 
effect is muted due to the wall slip and settling effects.  It can be seen that parallel plate 
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rheometry is not sufficient to estimate pipe pressure drops for shear thickening suspensions. Wall 
slip and particle settling occur, much as they do for shear thinning suspensions.  With additional 
data, however, the correct predictions can be made.  
Table 5.  Parameters for wall slip, equation (20), derived 
from best fit to from pipe loop test data, 0125NB pipe only.  
Cv α β 
0.29 0.00217 1.27
0.30 0.00216 1.27
0.35 0.011 1 
0.36 0.007 1 
0.37 0.005 1 
0.38 0.0026 1 
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Figure 80.  Pipe loop data.  Legend is the same as for Figure 
79.  The line fits are adjusted for wall slip using equation 
(77), see A3.3 . Solid lines are 0125NB, broken lines are 
025NB.  Results from the different pipe diameters do not 
coincide due to slip effects.  Heavy solid line corresponds to 
n=1. 
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4.6.2 Results of Electro-Resistive-Tomography experiments 
The pipeline experiments on CSEG suspensions discussed in the previous section were subject to 
settling in laminar flow.  For a similar, non-neutrally buoyant, Newtonian or shear thinning 
suspension it is expected that a concentration gradient will eventually develop.  The shear 
thickening response of a suspension, particularly in a non-linear shear field, may show different 
effects as the high shear rate and therefore high viscosity region is near the pipe wall.  The ERT 
measurements were made to determine radial variations in concentration after some distance had 
been travelled by the CSEG suspension.  The concentration “map” thus created can then be used 
to calculate the pipeline pressure drop.  The calculation method used is shown in detail in A3.3. 
The ERT sensor was situated at the end of 6 m of straight pipe length of 25 mm nominal bore. 
The ERT tomograms are shown for increasing flow rate in Figure 81 to Figure 83.  The lowest 
flow rate displays an obvious level of stratification, which disappears as the flow rate increases.  It 
can be noted from the legend that mean Cv also decreases with flow rate as is expected due to the 
erosion of the high concentration lower strata. 
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Figure 81.  ERT results D
V8
 =14 s-1.  Coloured legend shows Cv . Mean Cv = 0.38 
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Figure 82.  ERT results D
V8
 =16 s-1.  Coloured legend shows Cv . Mean Cv = 0.35. 
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Figure 83. ERT results D
V8  =28 s-1.  Coloured legend 
shows Cv . Mean Cv = 0.34. 
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The concentration data for the vertical centreline is shown in Figure 84.  This highlights the 
settling in the lower flow rates and shows that a low concentration core exist at the highest flow 
rate.  The reason for this effect is based on the varying viscosity across the pipe radius.  The 
viscosity variation is shown in Figure 85 as a function of shear rate and in Figure 86 it is shown 
how that would translate to the 25 mm pipe.  For all flow rates the region influenced by the yield 
stress is < 1 mm due to the low yield stress of the suspension.  An area that size is below the 
resolution of the ERT system used here.  Towards the wall the viscosity increases, and in the case 
of the higher flow rate is twice that of the lowest flow rate, settling therefore occurs at a slower 
rate in that region.  It is possible, but not tested here, that if higher flow rates were achieved 
settling would be stopped completely across the entire pipe radius.   
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Figure 84. Normalised concentration profile for 25 mm 
diameter pipe ERT data.  Legend shows D
V8 values.  
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Figure 85.  Rheogram for CSEG suspension Cv = 0.35, from 
rotational rheometry. 
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Figure 86. Radial viscosity profile for CSEG suspension (Cv 
= 0.35), pipe radius = 0.0125.  Cv is constant across the pipe, 
i.e. before any settling occurs. 
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The effect of this “annular” concentration profile is to decrease Q for a given pressure drop.  The 
effect is small for the 25NB pipe and not observable for the 12.5NB pipe.    The effect on Q is 
estimated in A3.3 and shown to be small for this pipe size but of the right order of magnitude.  
The concentration for which ERT data is available, Cv = 0.35, at an 8V/D value of 22 s-1 
produces an estimated lowering of 0.4 s-1. It is less obvious for the higher concentrations due to 
slower settling rates.  The effect would be more significant for a larger diameter pipe and a longer 
pipe run, allowing for greater settling to occur. 
Due to the multiple complications that have confounded the pipe flow experimental results (i.e. 
wall slip and particle settling) it is not possible to draw any conclusions on the effect a non-
uniform shear field has on the rheology of a shear thickening suspension.  
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CHAPTER 5 MODELLING OF SHEAR THICKENING BEHAVIOUR 
5.1 Description of approach used to model non-colloidal suspensions 
In this chapter a model to describe the shear thickening behaviour seen in concentrated, non-
colloidal suspensions will be developed and compared to the available experimental data.    For 
the relevant model to describe the flow behaviour the choice is limited to nematic or 
hydrodynamic controlled behaviour (see 2.3.2). The nematic (threadlike) model was used by Hess 
(1983) to describe liquid crystal behaviour, it displays normal forces and can be made to shear 
thicken.  The alternative is based on hydrodynamic interaction in the Stokes flow regime.   
5.1.1 Models of viscosity  
The approaches to modelling of viscosity can be broadly divided into those using a continuum 
method and those using a unit cell of fluid (or suspension).  The fluid-particle and particle-
particle interactions are important for estimating the effect particle properties will have on shear 
thickening behaviour.  Therefore, the most appropriate approach is to develop a cell model that 
uses the known properties of fluid flow at a microscopic scale that can be extrapolated to the 
experimentally observed macroscopic properties by statistical means. 
The macroscopic properties the model should have, are those of the viscosity increase with shear 
rate and N1 increase with shear rate as observed in 4.3.  In addition the transient effects noted in 
the LAOS experiments, 4.4.2, should also arise.  The yield stress and wall slip properties are 
phenomena caused by different interactions and would be beyond the scope of the proposed 
model.  Microscopic properties that should be observable in the model are the particle 
orientation to the direction of flow as seen from the CBS measurements, 4.5, and changes in 
packing efficiency with shear stress (or shear rate).  This latter point can be described as per the 
model of Wildemuth and Williams (1984, 1985), which was discussed in 2.2.3.  By using their 
function of ⎟⎟⎠
⎞
⎜⎜⎝
⎛
)(τη vm
v
C
C  shown in equation (5) and combining it with a rheological model for 
yield pseudo-plastic behaviour, such as equation (19), it is possible to depict the variation in 
)(τvmC  with shear stress for various types of suspension.  A typical example can be seen in 
Figure 87 for a shear thinning suspension and Figure 88 for a shear thickening suspension.  The 
maximum in Figure 88 will correspond to the least energetic hydrodynamic state for the 
suspension.  The graph in Figure 88 only describes the likely behaviour of the suspension and 
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does not provide information how that will occur.  In the original work (Wildemuth and 
Williams, 1984) a ratio of disperse and flocculated particles present in a colloidal suspension was 
used, that is not part of this current model as colloidal forces are not significant due to particle 
size.    The region of the curve in Figure 88 where 0<τd
dCvm  could be considered to be volume 
dilatancy, as the disperse phase increases the effective volume it occupies. 
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Figure 87  Viscosity, η, and Cvm as a function of τ for yield 
pseudo-plastic suspension generated from equation (5) and 
equation (19) 
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Figure 88  Viscosity, η, and Cvm as a function of τ for a shear 
thickening suspension with a yield stress, generated from 
equation (5) and equation (19) 
5.1.2 Two Dimensional Cell Model of Ellipsoid suspension 
The approach that will be adopted to model suspensions of non-colloidal particles is to consider 
a mono-disperse suspension of ellipsoids in a viscous, Newtonian suspending medium.  
Ellipsoids are chosen as they approximate the effective shape of many typical particles of interest 
(see §3.2.3), are mathematically simple and have featured in previous studies which will provide 
useful points of comparison.  It is interesting to note that ellipsoids pack at a greater density than 
spheres (Donev 2004) which would imply that they have a larger Cvm, and would show lower 
viscosities for a given concentration.  However, the work of Clarke (1967) comparing the 
rheology of suspensions of spheres and grains showed that this is not the case.  The ellipsoid is 
clearly not “passive” and has an effect on the suspension rheology beyond simply occupying 
space. 
Rotation of ellipsoids was described by Jeffery (Jeffery 1922) and used in simulations up to Cv = 
0.30 by Martys (2004).  Jeffery showed that ellipsoids of revolution rotate in a linear shear field 
with a period, T; 
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γπ ?
⎟⎠
⎞⎜⎝
⎛ += a
b
b
a
T .2  
(41)
 
Where a is the major axis and b is the minor axis. 
 This equation has been demonstrated to hold by experiment (Zia et al. 1967).  In the work of 
Martys numerical simulations were conducted for spheres and ellipsoids, both prolate and oblate.  
The prolate ellipsoids displayed Jeffery orbits at low volume fractions. However, at higher 
volume fractions the Jeffery orbits became suppressed and an apparent nematic phase or 
orientational order was observed.  Equation (41) is only appropriate for dilute suspensions, for 
concentrated suspensions greater forces are involved and a different approach is needed. 
Consider the particle centred in Figure 89 and surrounded by two neighbouring laminae of 
particles, the laminae extending in the vorticity direction (into the page).  The arrangement of a 
cell of volume 8H3, is shown in Figure 89.  H is the average distance between particle centres, 
which varies with packing arrangement. For a cubic arrangement it is calculated as in equation 
(42).  
3
1
3
4
⎟⎟⎠
⎞
⎜⎜⎝
⎛=
vC
abH π  
(42)
 
 
To simplify the calculation of forces acting on the particle, the particle can be further 
approximated as an elliptical prism, width 
4
bπ  (in the vorticity direction), see Figure 90.   
4
bπ  is 
an average produced by dividing frontal area over the minor diameter.     
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Figure 89.  Arrangement of central ellipsoid with major axis 
a, and minor axis b.  Ellipsoids in the adjacent laminae have 
centres at distance H, inter-surface distance is h(x). 
b
b
4
 
Figure 90.  Ellipsoid viewed in the velocity direction.  The 
broken line labelled Chord is the averaged distance 
4
bπ
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To model some of the rheological behaviour of a non-colloidal suspension similar to the CSEG 
examined in §4.3 the suspension of ellipsoidal particles will be considered to exist after the 
initiation of flow and at steady state.  This excludes an examination of the yielding region.  The 
particles would be static within a lamina, with each lamina moving relative to each other at 
velocity V , where γ?HV = , a hydrodynamically stabilised condition as will be shown below.  To 
avoid the need for calculation of the movements of large numbers of individual particles and 
their effect on the central particle, the properties of the adjacent laminae will be calculated as a 
single body and represented by a sine curve. The sine curve is constructed by approximating the 
prominent features of the lamina.  This process is illustrated in Figure 91.  This simplified version 
of a suspension allows for the relatively straightforward manipulation of the central particle 
within its environment, allowing for changing θ (see Figure 92), phase difference between non-
adjacent laminae and differing relative velocities to represent non-uniform shear fields.  
 
Figure 91. Representation of the sine curve model of two 
adjacent laminae. 
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Figure 92. Angular positions on the central particle.  θ is the 
angle of rotation from the velocity direction, φ is the position 
on the surface of the particle.  
The flow of interstitial fluid between laminae is at low Reynolds number and can be considered 
to be Stokes flow,  i.e.; 
η
ρ )2(
Re
bHV
N f
−=  
(43)
 
using the properties of CSEG (§A1.1.1) and Cv = 0.35, γ? =0.1, produces H=13.4 μm, V=1.34 
μm.s-1 and NRe=1.4 10-7 , well below the required value of 0.1 for creeping flow for all the shear 
rates of interest (Bird et al 1960). 
As the flow is Stokesian the effects of inertia can be ignored and any forces acting on the particle 
can be summed simply.  The absence of inertia effects, along with the absence of inter-particle 
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forces, implies that very short relaxation times will result.  This is similar to what was observed in 
4.4.1 . The forces acting on the particle are those due to; 
a) converging flow-lubricating forces 
b) Couette flow between the laminae 
c) skin friction  
d) squeezing flow between adjacent laminae, a reactive or retarding force. 
Couette flow was considered in a simplistic form by Hoffman (1974) as the sole means of 
generating force to break the bonds in colloidal systems.    Skin friction was used by Jeffrey 
(1922) to model the rotation of an ellipsoid in a shear field of infinite expanse.  Skin friction 
forces are much smaller than the forces due to the proximity of the laminae (a, b and d above) 
for particles of the dimensions of interest, so will not be considered further here.  The 
introduction of the lubricating force to control particle distance is similar to the simulation by 
Bergenholtz et al (2002) in the high NPe limit, but at higher concentrations. The remaining forces 
acting on the particle are shown in Figure 93, in the approximate region where they act.  The 
calculation of these three forces follows. 
 
Figure 93 Forces arising from interstitial flow between the 
laminae. Solid arrows represent lubricating forces, dashed 
arrow is the Couette force and dotted arrows are the reactive 
force due to squeezing flow. Lower lamina is moving right to 
left, rotation is anti-clockwise. 
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The converging flow can be described using the equations of lubrication flow (Pozrikidis, 2001).  
The governing equations of the motion of the fluid is the steady 2-D version of the Navier-
Stokes equation for an incompressible fluid of constant viscosity, equations (44) and (45),  and 
the continuity equation, (46). 
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To develop an equation for the pressure acting on the particle the usual scaling arguments for 
lubrication flow are applied (see Pozrikidis 2001), and the system is considered to be gravity free.  
This is a reasonable approximation for the CSEG suspension despite the slightly higher particle 
density, it will be seen that the lubrication forces are much greater than the weight force.  The 
absence of any velocity component or variation in ux in the vorticity (z) direction, is a further 
simplifying assumption.  For a particle with length dimensions of 10-5 m, the distance between 
particles of greatest interest is not H, but h(x) which is typically less than 10-7 m.   The assumption 
of 
z
ux
∂
∂ =0 is therefore reasonable under these conditions.   
Applying these conditions (44) and (45) are simplified as; 
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Integrating (47) twice produces the two dimensional velocity equation for the fluid in the space 
between laminae. 
dx
dpyxhy
xh
yVyxux ))((2
1)
)(
1(),( −−−= η  
(49)
 
The volumetric flow rate per unit width between the laminae, Q’, is a constant with time and x, 
and equation (49) can therefore be integrated to give; 
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Equation (50) can be rearranged to equation (51), and integrated with the boundary condition 
that the pressures at a and –a are equal.  This is an approximation ignoring entrance effects.  The 
integration is shown in equation (52). 
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Due to the variation of h(x) this equation needs to be integrated numerically.  The two unknowns 
are Q’  and 
dx
dp .  Rearranging (52); 
∫
∫
−
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This form of the equation is solved using the trapezoidal rule.  The solution method for this and 
remainder of this approach is given in fuller detail in A3.4 .   Once Q’ is determined it can be 
substituted back into equation (52) and the pressure at each point of the particle can be 
converted to a moment acting to rotate the particle.  These can be summed over the whole 
particle surface to determine the total torque due to this inter-lamina pressure.  It should be 
noted that only torque is important here; there is no translating force acting in the shearing (y) 
direction.  This is due to the pressure due to lubricating forces summing to zero over the whole 
particle surface.   Consequently this pressure does not therefore contribute to any macroscopic 
normal force. 
The calculation of Couette forces requires the shear forces acting on the surface of the particle, 
τyx. This is calculated from the product of fluid viscosity and the shear rate at the surface, which 
can be obtained by taking the derivative of equation (49); 
dx
dpxhy
xh
V
dy
dux ))(2(
2
1
)(
−−−= η  
which can be evaluated at y=h(x) 
dx
dpxh
xh
V
dy
dux
η2
)(
)(
+−=  
(54)
(55)
Similar to the lubrication force τyx is evaluated numerically at each point on the surface, and 
converted to a moment, which is summed to give the torque on the particle due to shear stress at 
the surface. 
It is interesting to note the direction in which both these moments act. The Couette moments 
generally act in the clockwise direction, which is similar to the infinitely dilute case for the 
ellipsoid described by Jeffery (1922).  Due to the higher forces involved the period of rotation is 
much lower than that calculated by equation (41).   The lubrication moments act in the 
anticlockwise direction and are generally one or more orders of magnitude higher than the 
Couette moments.  This results in anti-clockwise rotation of the ellipsoid.   
It is convenient to define a characteristic time, 't ; 
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V
Ht ='  
(56)
 
 So that the relative position of the laminae is repeated every 't .  It is also the inverse of shear 
rate.  The pressure distribution at different times can be calculated and some examples are shown 
in Figure 94 and at 't = 0.5 later in Figure 95.  In both cases the net force due to pressure sums to 
zero.  The moment on the particle due to pressure,  Mp, is always acting in the anticlockwise 
direction from both laminae adjacent to the central particle.  This can be seen in Figure 96 and 
Figure 97 for the corresponding times.   A typical cycle of pressure moment variation is shown in 
Figure 98, where again the moment is varying in magnitude but always negative. 
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Figure 94.  Pressure distribution on particle.  Cv = 0.45,  
aspect ratio = 1.2  
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Figure 95.  Pressure distribution on particle at 't = 0.5 
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Figure 96. Moment distribution due to pressure, upper and 
lower lamina.  Clock wise is positive, conditions correspond 
to Figure 94 
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Figure 97. Moment distribution due to pressure, upper and 
lower clock wise is positive, corresponding to Figure 95. 
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Figure 98.  Variation of moment due to pressure during 
cycle. 
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Similarly the shear stress distribution can be shown for the same conditions, see Figure 99.  It can 
be seen that the shear stress is generally acting in the negative direction (lower lamina) except at 
the ends of the particle.  This is due to flow reversal at the entrance and exit of the fluid flow 
between the laminae.  The velocity profile illustrating this is seen in Figure 100, which has been 
plotted using the equation for ux(x,y), equation(49).  The corresponding moment distribution is 
shown in Figure 101, where it can be seen that the moment due to Couette forces is in the 
clockwise direction. 
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Figure 99.  Shear stress distribution on particle, conditions as 
for Figure 94. 
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Figure 100.  Velocity distribution between laminae, same 
conditions as Figure 94.  Only positive x region is shown as 
the pattern is symmetrical about the y axis. Legend shows 
normalised position, x/a. 
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Figure 101. Moment distribution due to shear stress, same 
conditions as Figure 94. 
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One of the key features of Stokes flow is that there is no effect of inertia, so all forces (or 
moments) must sum to zero.  As the values of the moments due to lubrication and Couette 
forces differ by more than an order of magnitude a third force is required, in this case a retarding 
force caused by squeezing film flow.  The forces due to squeezing flow are created by the near 
approach of the surface of the central particle in the cell to the adjoining laminae.  Forces in the 
reverse direction will occur as the particle rotates away from the lamina. To estimate the size of 
the effect the well established equation for squeezing flow of a Newtonian fluid developed by 
Stefan (1874) will be used.  The equation for the reactive normal stress between two circular 
plates is (Engmann et al 2005); 
3
2
2
3
h
hR
yy
?ητ −=  
(57)
 
Where R is the plate radius.  The equivalent area in the 2D cell can be approximated with R=b, 
the minor axis.  h? is determined by the change in vertical displacement of the central particle at 
any point x and is therefore a function of ω, the angular rate of rotation about the axis in the 
vorticity direction.  The equation (57) is better expressed as; 
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Figure 102 shows the moment due to squeezing flow, Ms, due to the localised normal force, Nyy, 
for angle θ of zero and a negative value of ω.    The change in Ms distribution can be seen in 
Figure 103 for a short period of time later where q is now negative, the distance between particle 
and adjacent lamina is smaller and Ms  shows a large positive spike. 
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Figure 102.  Normalised moment Ms, with θ = 0, negative ω.   
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Figure 103.  As for Figure 102, with θ = -0.4. 
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Squeezing flow also arises due to the near approach of the adjacent laminae.  As the distance 
between the particle and the adjacent lamina change due to the relative velocity V and the profile 
of the adjacent lamina (Figure 91), an additional component of h?  arises.  This is best understood 
by considering a fixed point x and observing the change in h  with time. This is also calculated 
using equation (58), with h? calculated from the shape of the adjoining lamina and V; 
 Vdx
xdhxh )()( −=?  
(59)
 
One of the outcomes of the last point is that the particle will oscillate along with the profile 
variation of the adjacent lamina. 
5.1.3 Incorporating ellipsoid model into a simulation of suspension behaviour 
 
The moments calculated by the above method can be summed to determine the net torque on 
the central particle.  Due to the absence of inertia effects the net torque at any instant will be 
zero.  A simultaneous numerical evaluation of Mp, Mτ  and Ms is required.  If evaluated at small 
values of dx  (or dφ along the particle surface) for small dt  the value of ω can be determined at 
each time so that the moment due to squeezing flow will equal the sum of the other two 
moments.  This forms the basis of a numerical simulation of a small cell of suspension, which 
can be examined at various conditions of concentration, shear rate, aspect ratio, carrier viscosity 
etc.  The more extensive details of the application are given in A3.4, which describes the solution 
scheme used on a standard spread sheeting program, and how the results shown below are 
obtained.  Starting at any arbitrary position of the particle the values of θ and ω are calculated 
over time, any steady repeating patterns are observed and time averaged  quantities can be 
derived to calculate viscosity increases.  In addition the frequency and energy of any instability 
that would disrupt the smooth passage of adjacent laminae are also recorded. 
The typical behaviour displayed by this model is as follows.  The moments due to lubrication 
forces, Mp , exceed the moments due to Couette forces, Mτ, resulting in an anticlockwise rotation 
of the ellipsoid until it approaches the surface of the adjacent lamina.  As the value of h decreases 
the moments due to squeezing flow, Ms , increase and the rotation is slowed, but not stopped.  
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The undulations of the adjacent lamina provide additional components of )(xh? , as shown in 
equation (59).   This causes θ  to oscillate around a mean negative value.  The numerical 
simulations displayed periods of stability where the ellipsoid, after starting from any arbitrary 
orientation, would rapidly adopt a negative value of θ and the oscillation would continue for a 
period of time.  If 't <1 then the cell is unstable and is destroyed almost as soon as it is created.  
The effect of the adjacent laminae being in and out of phase is shown in Figure 104.  It can be 
seen that as the laminae are more out of phase the period of stability decreases.  A suspension 
would be a collection of laminae in and out of phase so the resulting macroscopic effects would 
be an average of these.  The remainder of the examples considered here are using in-phase 
laminae.  
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Figure 104.  The effect of the adjacent laminae being in and 
out of phase.  Legend shows phase difference (in cycles) 
between the upper and lower lamina. Arrows indicate the 
point of instability for each phase difference, with t’=0 
occurring last. 
The nature and consequences of the onset of instability need to be considered.   The central 
particle in the cell can oscillate about its axis as dictated by the forces acting on it without 
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displacing any part of the adjacent lamina until after some time a condition arises when the 
combined moments Mp  and Mτ  are sufficiently large that they require a very large value of ω to 
balance them.  This will cause the particle to rotate with θ larger than 
2
π .  This can be considered 
a “collision” with the adjacent lamina, which would disrupt the flow of the stable lamina, 
dissipating more energy than in the stable state and transmitting a force in the direction normal to 
the flow.  This cell event would result in the macroscopic events of shear thickening and positive 
N1 values.  
The increase in suspension viscosity due to the presence of particles over the viscosity of the 
suspending medium, or relative viscosity ηr , is calculated as the ratio of energy dissipated with 
particles over that without particles (Frankel & Acrivos 1967).  The power per cell can be 
calculated as Ms .ω, and the power consumption due to viscous dissipation per unit volume of 
fluid is given as (Bird et al 1960);   
2ˆ γη ?=P  (60)
 
The relative viscosity can therefore be written as; 
21 γη
ωη ?s
s
r
M+=  
(61)
 
As Ms and ω are both first order functions of V, and therefore first order functions ofγ? , ηR in 
equation (61) does not change with γ? , that is, it displays Newtonian behaviour, albeit at a higher 
viscosity.  The additional dissipation due to the oscillation is the equivalent of the energy 
dissipation in Newtonian suspensions of spheres modelled in Frankel & Acrivos (1967).  Any 
shear thickening response will arise as a result of the instabilities and inter-lamina collisions.  The 
frequency of collisions is also a first order function of shear rate due to the Stokes flow.  As the 
energy of the rotating particle during an instability is a second order function of γ? , the product 
of frequency and rate of viscous energy dissipation in a collision is a third order function.  This 
makes the excess viscosity a first order function of shear rate, or alternatively, the rate index, n, is 
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2, a shear thickening response.   If the stable and unstable conditions are considered separately 
then equation (61) can be rewritten as;  
22
),(1 γη
γω
γη
ωη ?
?
? s
vs
s
s
R
CfMM ′′++=  
(62)
 
where ωsM is the time averaged component, ω′′sM  is the power per unit volume during 
collisions and ),( γ?vCf is the frequency of collisions which is expected to be an increasing 
function of concentration.  This is shown to be the case in the example in Figure 105 and Figure 
106. 
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Figure 105.  Onset of instability (marked with arrows) for 
different Cv values (legend). Aspect ratio =1.2. Arrows 
indicate the point of instability for each Cv value, with Cv 
=0.30 occurring last. 
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Figure 106.  Time to instability, ct ' for ellipsoid of aspect 
ratio 1.2. Line fit is an aid to viewing only. Frequency 
calculated for 1=γ?  
 
Having noted previously that the 2γ
ω
?
sM terms are constant for a given particle aspect ratio and Cv, 
and that  ),( γ?vCf  is a first order function of shear rate, equation (62) can be arranged in terms 
of τ ; 
2
22 )( γγ
ωγγ
ωητ ???? v
ss
s Cf
MM ′′+⎟⎟⎠
⎞
⎜⎜⎝
⎛ +=  
(63)
 
Equation (63) shows τ to be a second order function of shear rate, and the rate index, n, will vary 
according to the value of )( vCf .  It was seen in the experimental results as well as the literature 
that n is a function of concentration, from equation (63) it can be seen that as 1,0 →→ nCv and 
2,1
max
→→ n
C
C
v
v .  For the example of an aspect ratio of 1.2,  1≈n for a Cv = 0.31, due to 
distance between lamina being sufficient for a full rotation of the particle and minimal 
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interference with the adjacent lamina.  The experimental results (Figure 43) show n approaching 
unity as Cv decreases to 0.30 but is greater than 2 at a Cv of approximately 0.4 .  The assumption 
of a simple packing (cubic) is breaking down at the higher concentrations and an alternative such 
as face centred or body centred cubic packing or even a random packing would allow for a 
greater frequency of collisions and therefore a higher value of n.  The effect on packing efficiency 
for a fixed concentration can be compared to the relationship depicted in Figure 88, based on the 
Wildemuth and Williams equation.  As the oscillating and more importantly the unstable particles 
occupy a greater effective volume of the suspension, the value of Cvm will decrease as depicted in 
Figure 88. This does not imply that any change in viscosity is caused by the change in packing 
efficiency, rather that they both are caused by the rotations of the particles. 
The first normal stress difference, N1, also arises from the instabilities and collisions.  The 
illustration in Figure 107 shows the consequences of instability in a particle and how it transmits 
a force to the particles in the adjacent layer.  The faster layer is unable to pass the rotated particle 
without transmitting a force either by squeezing flow or by Coulombic forces.   As N1 results 
from collisions it is a function of )( vs CfM ω′′ , and a function of 3γ? .  Figure 108 shows the 
experimental N1 data after the onset of shear thickening for one concentration compared to 
3γ? , 
the comparison is good but the paucity of data in this region allows for alternative descriptions. 
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Figure 107.  Instabilities causing positive N1.  The upper part 
of the diagram shows lamina of ellipsoids moving relative to 
each other in a sheared field.  The lower section shows the 
ellipsoids oriented at a negative value of θ.  The shaded 
particle is experiencing an instability, interfering with the 
adjacent lamina, with a component of force directed in the 
negative and positive shear direction. 
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Figure 108.  N1 data for CSEG (Cv = 0.392) from 
experiment.  The solid line is 3*γ?const .  
The graph in Figure 109 shows the time averaged (RMS) orientation of the particle where θ is the 
angle of the particle major axis with the direction of flow (see Figure 92).  The results here can be 
understood to be a result of the decrease in inter-lamina spacing.  This can be related to the CBS 
results (§4.5).  As the incident light in the experiment was in the shear direction (Figure 76 ) the 
value of ψ can be converted to θ as ψπθ −=
2
.  The results in Figure 77 and Figure 78 show a 
decrease in ψ and therefore an increase in θ  after the onset of shear thickening.   This is 
interpreted as the particles adopting an orientation with a negative θ, as discussed above.  The 
decrease in θ with Cv in the CBS data is consistent with model predictions as seen in Figure 109. 
The effect of collisions and rotations would be to decrease the magnitude of ψ as they disrupt 
the alignment with the flow direction.  This is seen at higher shear rates in the experimental data 
in Figure 77.  In the simulation work conducted by  Martys (2005) with lower concentrations of 
ellipsoids an apparent nematic phase developed under shearing, with the particles adopting a 
similar orientation to the flow direction as observed here. 
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Figure 109.  θ for different Cv. Aspect ratio 1.2. 
Comparison can also be made with the LAOS experiments (§4.4.2).  From the experimental data of 
the onset of shear thickening with differing strain a comparison can be made to the time of 
instability as shown in Figure 110 and Figure 111.  The trend observed is broadly similar to the 
model prediction, but overestimates the strain for low concentrations. 
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Figure 110. Onset of instability (marked with arrows) for 
different Cv values (legend).  Expanded scale of Figure 105. 
Arrows indicate the point of instability for each Cv value, 
with Cv =0.40 occurring last. 
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Figure 111. Onset of yield stress response at ω = 10 rads-1.  
Experimental data from LAOS, predicted values from Figure 
110 (converted to strain).  
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5.1.4 Model Validation  
Having noted certain similar features between the model described here and some of the 
experimental outcomes and literature observations, the model can now be assessed for its ability 
to describe the experimentally observed shear thickening viscosity and for any predictive features 
it may have.   The equation (62) can be rewritten as; 
γηη ?)()( 21 vvs CkCk ++=  (64)
 
And allowing for the presence of a yield stress becomes;  
γ
τγηη ??
y
vvs CkCk +++= )()( 21  
(65)
 
Allowing that the model describes a set of ideal conditions that will not exist at all points of the 
sheared volume it is not possible to calculate the correct specific power dissipation from particle 
and fluid properties alone, the constants k1 and k2 will require calibration against experimental 
data. k2 can be found conveniently from experimental data by knowing minγ? , the shear rate 
corresponding to the viscosity minimum. 
0)( 2
min
2 =−= γ
τ
γ
η
??
y
vCkd
d
 
(66)
   
k1 is then found as a best fit to data.  Ideally the experimental rheology data should be reprocessed 
as in 3.4.2, but with a different version of equation (23) that incorporates equation (65) as the 
rheology model.  This is accomplished as follows; rearranging equation (65) gives; 
( )
2
2
1
2
2
11
2
)(4)()(
)(
k
kkk yss ττηητγ −−+++−=?  
(67)
 
Substituting equation (67) into equation (21) gives; 
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From the experimental results in 4.2 the value of β for the ARES experiments is 1, therefore 
equation (68) is second order in τ and be can be rearranged; 
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The roots for equation (69) are readily obtained and the procedure is the same as for the remainder 
of3.4.2 with an analytical rather than numerical solution for the special case of β =1.  The resulting 
fit to experimental data is shown in Figure 112,  where the shape of the curve is matched well.  The 
resulting rheogram is shown in Figure 113.  Constants k1 and k2 are plotted in Figure 114 for the 
range of Cv that produces a shear rate index n<2.  The constant k1 has similar behaviour to the 
Newtonian suspension equation, equation (4), from Frankel and Acrivos (1967), with a different 
co-ordination factor most likely due to the differences between  body centred cubic packing of 
spheres (Frankel and Acrivos) and cubic packing of ellipsoids (current model).  A comparison is 
made in Figure 115 to the rheogram derived using a Herschel Bulkley fit and the method of 3.4.2.  
The results are similar for the lower concentrations, but unlike the Herschel Bulkley model, 
equation(65)  does not have a constant rate index n , but has one that varies withγ? .    This 
difference is not unsurprising and it should be noted that according to Chilton and Stainsby (1998) 
the accuracy of the Herschel–Bulkley model deteriorated at higher shear rates for shear thinning 
materials, this may also be true for shear thickening suspensions. 
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Figure 112.     Data from ARES parallel plate tests with 
CSEG suspension (Cv= 0.373) as symbols, lines are a fit of 
equation (15).  Equation (68) was used in place of the 
Herschel Bulkley model as in 3.4.2 . 
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 Figure 113.  Rheogram of uncorrected data from ARES (gap 
of 0.5 mm) compared to new model.  Legend shows Cv, 
symbols are experimental points, lines are equation (67). 
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Figure 114.  Constants in equation (72), obtained from fit to 
experimental data.  Line fit is equation (4). 
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Figure 115.  Comparison of equation (65) shown in the 
legend as “model” and the experimental data displayed in the 
form of a Herschel Bulkley model fit, “HB”. 
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5.1.5 Discussion of model characteristics 
 
The effect of changing particle aspect ratio can be investigated with the current model. Changing 
the particle aspect ratio will have two effects.  The first is to reduce the Cv at which free spinning 
of the particle with a low probability of collision with the adjacent lamina can occur.  Below this 
value the model predicts that shear thickening will not occur.  An increase in aspect ratio will 
cause an increase in the energy dissipation due to particle oscillation as well as a change in 
frequency of instabilities.  The results of different aspect ratio shear thickening suspensions were 
reported by Hoffman (1982) but are inconclusive due to slip effects.  A comparison can be made 
to the work of Clarke (1967) and Giesekus (1983) where Newtonian suspensions displayed 
increasing viscosity with increasing aspect ratio.  The effect on instability frequency is less clear.  
In Figure 116 the increase in aspect ratio increases the frequency of instability, but an aspect ratio 
of 2 or higher (not shown) becomes stable for all values of 't .  This may be a peculiarity of the 
model and not reflect reality; definitive data is not currently available. If aspect ratio is 
extrapolated to infinity, the model reduces to parallel lamina moving past each other which is of 
course infinitely stable.  A trivial but necessary test of the model is to set the aspect ratio to unity 
(a sphere).  In this case the particle cannot oscillate and is also infinitely stable (and k2 is zero). 
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Figure 116.  Onset of instability for Cv = 0.35.  Legend 
shows aspect ratio.  Arrows indicate the point of instability 
for each aspect ratio, with 1.2 occurring last. 
  134
The model predicts a linearly proportional increase in viscosity with suspending medium 
viscosity, but does not predict a change in the onset of shear thickening, cγ? , rather that the 
events causing shear thickening are always present and increase in frequency with increasing shear 
rate.  It can be seen in Figure 45 where ethylene glycol (0.019 Pas) and glycerol (1.0 Pas) are 
compared as carrier fluids that the proportionality is of the correct order of magnitude but the 
cγ? , or more correctly minγ? , is different.  This is explained due to the differing yield stresses of the 
two suspensions ( 0.068 and 6.1 Pa), and by rearranging equation (70);  
2
min k
yτγ =?  
(70)
 
As 2k is linearly proportional to ηs and yτ  is not, the value of minγ? will decrease with increasing 
viscosity of the suspending medium. 
From the preceding discussion it can be concluded that a model of fluid particle interaction 
combining a Newtonian suspending medium and asymmetrical particles, with no inter-particle 
attraction or repulsion (as in colloidal suspensions) can give rise to a shear thickening viscosity 
response that displays many of the macroscopic features of a real shear thickening suspension. 
 
5.2 Effect of non-constant shear rate 
The effect of non constant shear rates can be examined using the current model.  Non constant 
shear rates occur in pipes, channels and other conduits, and more severely in Couette rheometry.  
Any major effect that it has on shear thickening suspension rheology would make an exercise 
such as scaling pipe diameters impossible from rheometry or pipe trials.   Applying this effect to 
the model is achieved by altering the relative velocities of the adjacent laminae (normally equal in 
magnitude).  It can be seen in Figure 117 that this has a marked change in frequency of 
instabilities.  It should be noted that these values of velocity ratio are large, e.g. the ratio of 1.1 is 
the equivalent of the CSEG suspension in a Couette rheometer with a 0.1 mm gap, which is not 
realistic.  With particles approaching the millimetre range the effect could be possible, however.  
The results from the model are by no means definitive but do indicate the possibility of this 
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effect which, if real, would be most unusual and deserve further investigation.  The steady shear 
viscosity of a material is not usually a function of shear field. 
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Figure 117.  Onset of instability (marked with arrows) for Cv 
= 0.35 with differing ratios of upper and lower laminae 
relative velocities (legend).  Arrows indicate the point of 
instability for each relative velocity value, with equal 
velocities occurring last. 
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CHAPTER 6 CONCLUSIONS AND RECOMMENDATIONS  
6.1 Conclusions 
A simplified and unconvoluted description of shear thickening behaviour in coarse suspensions is 
produced by considering the interaction of wall slip and shear thickening in rheometry.  The 
decrease in measured viscosity observed in shear thickening coarse suspensions can be modelled 
simply by the introduction of slip boundary conditions and does not require any more elaborate 
hydrodynamic postulates, similar to those that have been made for fine colloidal systems.  The 
viscosity function now appears as a more simple function with no obvious critical shear rate.  A 
measurement and analysis technique has been developed to achieve this. 
Torsional flow with shear thickening fluids in the presence of wall slip is not a controlled flow 
and requires the assumption of a fluid model and a slip behaviour model to obtain a correct 
rheogram for the bulk suspension.  Parameters for a slip behaviour equation can be derived from 
the low angular velocity component of the rheometer data, below the yield stress.  A power 
function of shear stress was observed for the test suspension. 
The rate of change of the first normal stress difference with shear rate changes as shear 
thickening commences for non-colloidal suspensions.  N1 is initially negative, from rest and at 
low shear rates, but becomes increasingly positive as the viscosity increases after the minimum 
has been passed.  It is believed that this has not been previously reported for this type of material. 
Particle alignment at an angle to the velocity direction was measured using the technique of 
Coherent Backscattering of light; this is believed to be the first time such a method has been used 
on concentrated suspensions to elucidate structural features.  The measured alignment showed 
similar features to the model developed in this study. 
A model based on fluid dynamics in the small dimensions of the interstitial flow between 
particles (Stokes flow) has been developed by considering a unit cell of a suspension surrounded 
by a uniform set of adjacent laminae.  A force balance was established incorporating the Couette, 
lubrication and squeezing flow forces as they occurred between the layers of particles moving in a 
uniform shear field. The model has qualitative agreement with several aspects of the 
experimentally observed behaviour of shear thickening suspensions.  The viscosity and N1 
behaviour as a function of shear rate compare well to the experimental data at the lower 
concentration range.  At higher concentrations the effects of changes in particle packing 
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confound the model predictions. The onset of shear thickening in transient flow and the 
orientation of particles to the direction of flow show a good correspondence between the 
experimental results and model predictions.  The effect of changing concentration (within limits), 
suspending medium viscosity and aspect ratio (again within limits) is reflected in the model’s 
output.  The model suggests that a non-uniform shear field could produce anomalous effects in a 
shear thickening suspension, effects that would be more noticeable with an increasing ratio of 
particle size to instrument or pipe dimensions. 
The critical shear rate is not a definable point and the processes that cause a viscosity increase are 
active at any shear stress above the yield stress.  The rate of particle instabilities increases with 
shear rate, and the viscosity minimum is a battle between the effects of the yield stress and the 
increasing disruptions to the suspensions laminae.  
Rotational rheometry data alone is not sufficient for the successful prediction of pipe line flow 
behaviour for shear thickening suspensions. Consideration needs to be given to; slip in the 
measuring geometry and a technique, such as the one developed in this research, is required to 
determine the true bulk rheological properties of the suspension; the appropriate slip parameters 
if using small diameter pipes; the effect of particle settling (due to the absence of a true yield 
stress in the low shear region of the pipe), particularly the atypical pattern of settling that occurs, 
with reduced settling away from the centre.  The latter point becomes more significant with larger 
pipe diameters. 
 
6.2 Recommendations for further work 
The creation of a simple model makes testing certain qualitative aspects of suspension behaviour 
possible, but the significant assumptions that are made do limit the numerical accuracy of the 
predictions made.  The use of a computational fluids dynamics simulation, including the key 
elements of the model as described in this work, will greatly improve the credibility of the model 
output and allow for better matching of experimental data as validation, and predictions of the 
effects of particle parameter change.  It may also provide insight into the second normal stress 
difference which the current model does not. 
A more extensive examination of the effect of non-uniform shear fields on shear thickening 
suspensions, possibly as part of the computational fluids dynamics simulation suggested above, is 
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warranted.  This will be of interest to those involved in the design of mineral process equipment, 
where dimensions can smaller than pipe lines and sudden contractions may exist. 
The settling of shear thickening suspensions under shear has only been touched on in this work,  
and is of obvious interest for the design of pipelines for transporting shear thickening mineral 
slurries.  The extent of the “annular” slow settling region and how can be exploited are in need of 
examination.  
Although the creation of a shear thickening fluid with a shear thinning continuous medium has 
been tested experimentally as an unreported component of this work a study of greater depth is 
required to fully understand how the material will behave.  This is of relevance for modelling the 
behaviour of shear thickening suspensions created by the addition of larger particles to a fine 
suspension of shear thinning material.   Suspensions such as these are possible and may already 
exist in industrial circumstances. 
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APPENDIX 1     EXPERIMENTAL MATERIAL DETAILS 
A1.1 Material preparation 
A1.1.1 Corn Starch Ethylene Glycol (CSEG) suspension 
 
Table 6  Corn starch properties necessary for experiments 
Property Value 
Mean particle size 13.6 μm 
Density 1515 kg.m-3
Aspect ratio 1.2 
Refractive index (RI) 1.48 
 
Table 7 Ethylene glycol (Ethanediol) properties necessary for 
experiments 
Property Value 
Newtonian viscosity 19 m.Pas 
Density 1100 kg.m-3
Refractive index (RI) 1.43 
 
Table 8 Glycerol (1,2,3-trihydroxy propane), viscosity 
alternative to EG properties necessary for experiments 
Property Value 
Newtonian viscosity 1.0 Pas 
Density (20º) 1261 kg.m-3
Refractive index (RI) 1.47 
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Corn (maize)starch was supplied by Penfords (NSW) 
Ethylene glycol (Ethanediol) was supplied by Chemlabs (SA)  
Glycerol (1,2,3-trihydroxy propane),  was supplied by Chem-Supply (SA) 
A1.1.2 Corn Starch Refractive Index 
Additional details and results for the Becke line microscopy test (Chapter 3) are shown in Table 9 
and in Figure 118. 
 
Table 9 Fluids used for determination of starch refractive 
index. 
Dispersing Medium Refractive Index
Ethylene glycol 1.4325 
Glycerol 1.47 
Xylene 1.494 
Cedar wood oil 1.515 
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Ethylene glycol (RI 1.4325) Glycerol (RI 1.47) 
Xylene (RI 1.494) Cedar oil (1.515) 
 
Figure 118.    Becke line microscopy test (Chapter 3), 
additional fluids trialled.  Scale major divisions are 63μm. 
For the calculation of the imaginary part of starch particle RI different values were trialled in the 
Mie theory solution applied to the LALLS result.  The outcome is shown in Figure 119 where the 
broken line represents Cv = 0.000357 which was the experimental concentration.  The RI line 
crosses the Cv  value at 0.022. 
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Figure 119.  Calculation of Imaginary part of starch particle 
RI.  Broken line is Cv = 0.000357,  the experimental value. 
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APPENDIX 2     EXPERIMENTAL EQUIPMENT DETAILS 
A2.1 Environmental Scanning Electron Microscope 
The ESEM measurements describe in Chapter 3 were conducted on the following unit with the 
operating conditions as listed in Table 10. 
 
Table 10.  SEM conditions 
Unit FEI Quanta 200 SEM
Mode Environmental SEM 
Chamber pressure 0.5 Torr 
Filament current 1 Amp 
Emission current 94 μA 
Accelerating voltage 20 KV 
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A2.2 Optical microscopy  
The optical microscope used for RI determination (Chapter 3) is as described in Table 11.   
 
Table 11.  Optical microscope specifications 
Unit Zeiss ICM 405 bi-planar optical microscope 
Eyepiece 12.5 X 
Objective 16 X 
Camera Pulnix 76  (see §A2.6) 
Digitising software Image Pro Plus version 4 (Media Cybernetics) 
 
A2.3 Rotational rheometers 
The rotational rheometers used for determination of rheological properties of suspensions in this 
study are detailed in  Table 12.  
 
Table 12 Rotational rheometer specifications. 
Unit ARES SR-200 
Measurement mode  controlled shear rate controlled shear stress 
Parallel plate diameter 50 mm 40 mm 
Plate material Stainless steel coated aluminium plates 
Manufacturer Rheometrics Scientific Rheometrics Scientific 
Torque range   
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A2.4 Pipeline specifications 
 
Table 13.  Pipeline specifications 
 Outward leg Return leg 
Nominal bore (actual) 1" (26.0 mm)  1/2" (12.2mm) 
Length 6300 mm 6300 mm  
Between pressure tappings 5000 mm  5000 mm 
Upstream tapping distance from 
entrance 
1000 mm (40 diameters) 1000 mm (80 diameters) 
 
 
Table 14.  Pipeline capacities and flow rates. 
Maximum flow rate (water) 1 L s-1 
Positive displacement pump MONO CD60B4 
Pump motor 2.2 kW 
Maximum system capacity 40 L 
 
Transport pressure gradients along the pipe lengths were measured using Rosemount differential 
pressure transducers (model 1151 DP).  These transducers operate over the pressure ranges 0-
6kPa  and 0-187kPa.  Flow rate, density and temperature measurement uses an Emerson Coriolis 
mass-flow meter (model Micromotion F050) mounted inline.  This flow meter can be 
supplemented or calibrated with the calibration tank shown in Figure 120.   The pump motor 
speed can be varied via variable cone pulleys.  The agitated  slurry tank has a water jacket that 
may be heated or cooled providing moderate temperature control of the circuit.  All pipes are 
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lagged.  Temperature is measured at the Coriolis meter (after the pump).  Data logging was via a 
Datataker DT100. 
 
MONO PUMP
P
25 mm LINE
12.5 mm LINE
DP CELLS
40 LITRE TANK
CALIBRATION TANK
F
CORIOLIS MASS
FLOW METER
P
 
Figure 120.  Diagram of pipe loop  
A2.5 Electro-Resistive Tomography (ERT) 
To produce the necessary conductive suspension for ERT, the CSEG had a saline solution added 
at the rate of 0.4 wt% to increase conductivity to 100 mS.  This was achieved in the case of Cw = 
0.45 by adding 100 g of salt (sodium chloride) dissolved in 500 g of water to 22.8 kg of CSEG.  
The ethylene glycol is a polar solvent and will dissolve salt which tends to increase viscosity 
slightly.  The addition of Cw = 0.02 water to the ethylene glycol has the opposite effect, the net 
results being that no detectable diference in ethylene glycol glycol viscosity could be seen (see 
Figure 121). 
  156
0
1
2
3
4
0 50 100 150 200 250
Shear rate γ . (s-1)
S
he
ar
 s
tre
ss
 τ 
(P
a)
Ethylene glycol
ERT mixture
  
Figure 121.  Comparison between viscosity at 20º C of 
ethylene glycol and the ethylene glycol/water/salt solution 
(ERT mixture). 
 
MONO PUMP
P
25 mm LINE
12.5 mm LINE
DP CELLS
40 LITRE TANK
CALIBRATION TANK
F
CORIOLIS MASS
FLOW METER
P
 
Figure 122.  Pipe loop ERT version 
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Figure 123 Photograph of ERT ring. 
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A2.6 Light scattering experiments 
The high resolution video camera used in this study (see Chapter 3) is detailed in  
Table 15. 
 
Table 15 High resolution video camera specifications. 
Model TMC-76 (PAL) 
Manufacturer Industrial Products Division, PULNiX America Inc 
Imager 2/3" Interline transfer CCD 
Pixels 756(H) x 581(V) 
Cell size 11 x 11 μm 
 
A2.7 Particle size distribution via laser particle diffraction  
The particle size analyser used in this study for particle size distribution and RI determination 
(see Chapter 3) is detailed in Table 16. 
 
Table 16.  Laser diffraction particle size analyser 
specifications 
Model Mastersizer X MSX025A 
Manufacturer Malvern Instruments (UK) 
Size range 0.1 -80 μm (45 mm focal length lens) 
Size range 0.5-180 μm (100 mm focal length lens) 
Laser  10 mW He-Ne 
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APPENDIX 3     ADDITIONAL CALCULATIONS AND EXTENDED 
MATHEMATICAL DERIVATIONS 
A3.1 Effect of Slip on Shear Rate Calculation 
A correct interpretation of torsional flow data with slip (as discussed in Chapter 3, §3.4) requires 
a re-examination of the assumptions made in the shear rate calculation. For torsional flow 
(expressed in cylindrical co-ordinates) the two non-zero components of the stress tensor are 
(Bird et al 1960); 
].1
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Where η(r) is viscosity at any radial position and uθ , uz and ur are the velocity components in 
cylindrical co-ordinates (Figure 15).  By symmetry ur and uz are equal to zero and the equations 
become; 
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(73) 
and  
z
urz ∂
∂−= θθ ητ )(  
 
(74) 
 
and shear rate then becomes;  
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z
u
r
r
u
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∂+∂
∂
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θ
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(75)
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The first term on the RHS normally becomes zero for the no slip condition (as uθ = ωr and ω is 
constant for steady state measurement) giving the usual;  
dz
duθγ =?   
(76) 
 
but for our case uθ =ωr-Vs which is a function of shear stress, and therefore a function of radius.  
A criterion for the success of the approach described in Chapter 3, §3.4 will be that the first term 
on the RHS of Equation (75) is very small compared to the second term.  This is shown to be the 
case in Figure 124 where there can be seen to be three orders of magnitude difference between 
the two terms. 2]
)(
[
r
r
u
r ∂
∂ θ
and 2][
z
u
∂
∂ θ  .  This example uses the parameters derived for the Cw 
=0.47 EGCS sample and an angular velocity of 1 rad.s-1.  Under these conditions it is possible to 
calculate )(rγ? as in Equation (76).  The minimum that occurs in  Figure 124 is due to the effect 
of fluid yield stress creating an unsheared central core in torsional flow.  
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Figure 124. Plot of the first and second terms, RHS Equation 
(75).  Conditions are for  Cw = 0.47 CSEG supension,  ω=1 
rad.s-1. 
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A3.2 Calculation of scattering parameters via Mie theory and the BHMIE code 
The scattering parameter SCAQ can be calculated approximately for the starch particles using Mie 
theory.  The software MIEPLOT v3.5.01 which implements the BHMIE source code (Bohren & 
Huffman, 1983) was used with the RI values shown in Appendix 1.   
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Figure 125.  Scattering efficiency SCAQ , as a function of 
particle diameter 
The scattering efficiency SCAQ  is shown in Figure 125.  For the particles in this system the 
relevant SCAQ  value is from the mean particle value which can be seen to be 1.12.  The scattering 
angle is shown in Figure 126, where it is demonstrated that it is only weakly affected by any 
uncertainty in the particle RI measurement, and in Figure 127 where it is more strongly affected 
by the polydispersity in the sample.  The scattering angle θSCA is taken as 2.54° (44 mrad).   
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Figure 126. Scattering angle effect of particle RI (real part) 
uncertainty 
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Figure 127. Scattering angle, effect of particle poly-dispersity.  
Mono-sized mean of 13.6 μm. 
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Figure 128.  Scattering area as a function of size.  Relative 
scattering area is proportional to the product SCASCA σρ . . 
A3.3 Calculation of velocity profile for non-constant concentrations and slip effects 
The principal for adjusting volumetric flow rate, Q, to allow for wall slip in the laminar flow 
regime is to treat it as discontinuity at the wall.  The method is straightforward if the relationship 
between Vs and τ are known.  The method is described in Heywood (1991) and is shown in 
equation (77). 
∫⎟⎟⎠
⎞
⎜⎜⎝
⎛+=
w
d
dt
dDDVQ
w
s
τ
τγττ
ππ
0
2
32
84
?
 
 
(77) 
 
The calculation for non-constant concentrations, due in this case to settling, can only be 
accomplished as a numerical solution.  This arises as the viscosity is a function of the shear rate, 
which is not constant radially and no longer has a symmetrical profile as settling has raised the 
dynamic centre of the pipe.  Using the concentration map measured by ERT and shown in 
Figure 83 (the ERT data is a matrix of 100×100 points) the parameters of the Herschel Bulkley 
model, equation (19), can be calculated at each point.  Assuming a pressure drop and considering 
the centreline initially, the dynamic centre can be found as 
dr
dτ  is a constant and the velocity at 
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the walls is zero (slip is considered separately).  The point at which the shear stress changes sign 
can be adjusted until the boundary conditions are met, this is the dynamic centre.  The maximum 
velocity can be calculated at this point.  Lines can now be drawn from this centre point to the 
pipe wall at various arbitrary locations and the velocity profile calculated knowing the maximum 
velocity and the wall velocity (zero).  A value of Q is calculated from a weighted average based on 
the area of each segment.  As a check the pressure drop can be averaged around the 
circumference and should match the starting assumption.  The pipe radius is divided into 200 
points for calculation, an abbreviated example is shown in Table 17.  The two graphs Figure 129 
and Figure 130 take data from Table 17 and show the variation through the pipe centreline. 
 
Table 17.  Partial data table for calculating velocities in NB 
025 pipeline with non-constant concentrations. r/R = 1 is 
top of pipe.  8V/D 28 s-1.   
r τ(r) r/R Cv (r) n k τy )(rγ? η Vz(r) dQ/dr 
0.0125 2.952 -1 0.358 1.529 0.134 0.053 7.47 0.395 0.000 0.00E+00 
0.012 2.836 -0.96 0.358 1.529 0.134 0.053 7.28 0.390 0.004 3.46E-08 
0.0115 2.721 -0.92 0.358 1.529 0.134 0.053 7.08 0.384 0.007 6.54E-08 
0.011 2.606 -0.88 0.357 1.518 0.133 0.052 7.00 0.372 0.011 9.28E-08 
0.0105 2.491 -0.84 0.357 1.518 0.133 0.052 6.79 0.367 0.014 1.17E-07 
0.01 2.376 -0.8 0.356 1.501 0.132 0.051 6.76 0.352 0.018 1.37E-07 
0.0095 2.260 -0.76 0.356 1.501 0.132 0.051 6.53 0.346 0.021 1.55E-07 
0.009 2.145 -0.72 0.356 1.501 0.132 0.051 6.30 0.340 0.024 1.69E-07 
0.0085 2.030 -0.68 0.354 1.479 0.131 0.049 6.28 0.323 0.027 1.81E-07 
0.008 1.915 -0.64 0.354 1.479 0.131 0.049 6.03 0.317 0.030 1.89E-07 
0.0075 1.800 -0.6 0.351 1.454 0.129 0.047 6.01 0.299 0.033 1.95E-07 
0.007 1.684 -0.56 0.351 1.454 0.129 0.047 5.74 0.294 0.036 1.98E-07 
0.0065 1.569 -0.52 0.351 1.454 0.129 0.047 5.46 0.288 0.039 1.98E-07 
0.006 1.454 -0.48 0.348 1.428 0.128 0.045 5.37 0.271 0.042 1.95E-07 
0.0055 1.339 -0.44 0.348 1.428 0.128 0.045 5.06 0.265 0.044 1.90E-07 
0.005 1.224 -0.4 0.346 1.404 0.126 0.043 4.91 0.249 0.047 1.82E-07 
0.0045 1.108 -0.36 0.346 1.404 0.126 0.043 4.56 0.243 0.049 1.72E-07 
0.004 0.993 -0.32 0.346 1.404 0.126 0.043 4.20 0.236 0.051 1.59E-07 
0.0035 0.878 -0.28 0.344 1.384 0.125 0.042 3.94 0.223 0.053 1.44E-07 
0.003 0.763 -0.24 0.344 1.384 0.125 0.042 3.54 0.216 0.055 1.28E-07 
0.0025 0.648 -0.2 0.342 1.368 0.125 0.040 3.18 0.204 0.057 1.09E-07 
0.002 0.532 -0.16 0.342 1.368 0.125 0.040 2.73 0.195 0.058 8.90E-08 
0.0015 0.417 -0.12 0.342 1.368 0.125 0.040 2.24 0.186 0.060 6.74E-08 
0.001 0.302 -0.08 0.340 1.356 0.124 0.039 1.74 0.174 0.061 4.47E-08 
0.0005 0.187 -0.04 0.340 1.356 0.124 0.039 1.13 0.165 0.061 2.11E-08 
0 0.072 0 0.339 1.350 0.124 0.039 0.37 0.193 0.062 3.04E-09 
-0.0005 -0.044 0.04 0.339 1.350 0.124 0.039 0.09 0.495 0.062 2.73E-08 
-0.001 -0.159 0.08 0.339 1.350 0.124 0.039 0.98 0.163 0.062 5.14E-08 
-0.0015 -0.274 0.12 0.339 1.349 0.124 0.039 1.61 0.171 0.061 7.48E-08 
-0.002 -0.389 0.16 0.339 1.349 0.124 0.039 2.16 0.180 0.060 9.72E-08 
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-0.0025 -0.504 0.2 0.340 1.353 0.124 0.039 2.65 0.190 0.059 1.18E-07 
-0.003 -0.620 0.24 0.340 1.353 0.124 0.039 3.13 0.198 0.057 1.38E-07 
-0.0035 -0.735 0.28 0.340 1.353 0.124 0.039 3.57 0.206 0.056 1.56E-07 
-0.004 -0.850 0.32 0.341 1.363 0.125 0.040 3.95 0.215 0.054 1.72E-07 
-0.0045 -0.965 0.36 0.341 1.363 0.125 0.040 4.36 0.222 0.052 1.85E-07 
-0.005 -1.080 0.4 0.343 1.376 0.125 0.041 4.66 0.232 0.049 1.97E-07 
-0.0055 -1.196 0.44 0.343 1.376 0.125 0.041 5.03 0.238 0.047 2.05E-07 
-0.006 -1.311 0.48 0.343 1.376 0.125 0.041 5.39 0.243 0.044 2.11E-07 
-0.0065 -1.426 0.52 0.345 1.393 0.126 0.042 5.59 0.255 0.042 2.15E-07 
-0.007 -1.541 0.56 0.345 1.393 0.126 0.042 5.92 0.260 0.039 2.15E-07 
-0.0075 -1.656 0.6 0.347 1.411 0.127 0.044 6.06 0.273 0.036 2.12E-07 
-0.008 -1.772 0.64 0.347 1.411 0.127 0.044 6.36 0.278 0.033 2.07E-07 
-0.0085 -1.887 0.68 0.347 1.411 0.127 0.044 6.66 0.283 0.029 1.98E-07 
-0.009 -2.002 0.72 0.349 1.430 0.128 0.045 6.74 0.297 0.026 1.85E-07 
-0.0095 -2.117 0.76 0.349 1.430 0.128 0.045 7.01 0.302 0.023 1.70E-07 
-0.01 -2.232 0.8 0.350 1.447 0.129 0.046 7.08 0.315 0.019 1.51E-07 
-0.0105 -2.348 0.84 0.350 1.447 0.129 0.046 7.34 0.320 0.015 1.28E-07 
-0.011 -2.463 0.88 0.350 1.447 0.129 0.046 7.59 0.324 0.012 1.02E-07 
-0.0115 -2.578 0.92 0.352 1.459 0.129 0.047 7.67 0.336 0.008 7.19E-08 
-0.012 -2.693 0.96 0.352 1.459 0.129 0.047 7.91 0.341 0.004 3.81E-08 
-0.0125 -2.808 1 0.352 1.459 0.129 0.047 8.14 0.345 0.000 7.65E-11 
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Figure 129.  Variation of Cv and viscosity across pipe radius 
(centreline). r/R = 1 is top of pipe.  8V/D 28 s-1.  
  166
0
1
2
3
4
5
6
7
8
9
-1 -0.5 0 0.5 1
r/R  (-)
γ.  
(s
-1
)
-4
-3
-2
-1
0
1
2
3
4
τ (
P
a)
Shear rate (r)
Shear stress (r)
 
 
Figure 130.  Variation of )(rγ?  and )(rτ across pipe radius 
(centreline). r/R = 1 is top of pipe.  8V/D 28 s-1. 
 
A3.4 Solution scheme for forces in 2D cell model 
The modelling of the ellipsoid suspension is described in 5.1.2, the calculation steps are outlined 
in this section. The input parameters are shown in Table 18. 
 
Table 18  Input parameters for modelling spreadsheet 
Cv (-) 
Starting θ (rad) 
Phase difference (between adjacent laminae) (cycles) 
Major axis a (μm) 
Minor axis b (μm) 
ηs (suspending medium viscosity) (Pas) γ?  (s-1) 
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There is also an option for varying the relative velocities of the adjacent laminae to simulate non- 
constant shear fields.  From the parameters in Table 18 the adjacent laminae sine curve are 
calculated, Figure 91, and the inter-particle spacing is calculated from equation (42).  The ellipsoid 
is treated as an elliptical prism, 5.1.2, and the upper and lower halves are calculated separately, 
both are divided into 200 radial points which are converted to Cartesian points by equation (78).  
Refer to Figure 92 for symbol meanings. 
)(sin)(cos
)cos(
2222
2
ψψ
ψ
ba
ax +=  
(78) 
 
The effect of rotation through θ is calculated by equation (79). 
)sin()cos(' θθ yxx +=  (79) 
 
The position of the ellipse is then calculated for the future position after dt, based on the current 
ω value (initially zero). The difference in vertical and horizontal position is used to determine the 
various squeezing flow force components.  The stresses are then calculated at each point as per 
Table 19  
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Table 19.  Equations used for calculation of ellipsoid 
position and angular velocity. 
 Equation 
Lubrication flow pressure  
∫∫
−−
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −===Δ−
a
a
a
a
dx
xh
Q
xh
Vdx
dx
dpP 32 )(
'12
)(
60 ηη  
(52) 
Shear rate at particle surface for Couette flow (then multiplied by fluid viscosity)  
dx
dpxh
xh
V
dy
dux
η2
)(
)(
+−=  
(55) 
Squeezing flow stress  
3
2
)(2
)(3
xh
xhb
yy
?ητ −≈  
(58) 
Interparticle spacing  
3
1
3
4
⎟⎟⎠
⎞
⎜⎜⎝
⎛=
vC
abH π  
(42) 
Interstitial flowrate  
∫
∫
−
−= a
a
a
a
xh
dx
xh
Vdx
Q
3
2
)(
2
)(
'  
(53) 
Rate of approach; surfaces of adjacent laminae  
V
dx
xdhxh )()( −=?  
(59) 
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The velocity of approach at any point for the adjacent laminae (in reality the rate of decrease in 
spacing,  h? ) due to undulations is calculated from equation (59) and then used in the squeeze 
flow calculation.  An example of the surfaces affected by squeezing flow due to V are shown in 
Figure 131.  The stresses are summed across all points on both halves of the ellipse and the net 
force is adjusted to zero by changing the value of ω with a Newton-Rapheson solving method.  
The ω  value is used to update  θ (dt.ω) and the cycle is repeated.  The system instability is 
recorded when a particle rotation is sufficiently fast that the particle impedes the flow of the 
adjacent lamina, and the force due to squeezing flow cannot stabilise it.  A simplified flow sheet 
of the calculation method is shown in Figure 132. 
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Figure 131. Snapshot of ellipse and adjacent laminae with 
crosses indicating surfaces where horizontal squeezing flow 
occurs. 
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Figure 132. Simplified flow sheet for the calculation of 
particle position. 
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APPENDIX 4     DATA PRODUCED FOR THIS WORK 
A4.1 Determining aspect ratio of corn starch particles  
Micrographs were obtained of starch particles in ethylene glycol from the optical microscope 
described in A2.2.  The outline of each particle was fitted to the equation for an ellipse and the 
aspect ratio taken as the ratio of the major and minor axes.  The fit is illustrated in Figure 133, 
and the data with mean value are shown in Table 20. 
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Figure 133 Example of digitised data and the best fit ellipse 
inscribed on them.  Figure shows three particles of aspect 
ratio 1.2, 1.2 and 1.0  
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Table 20  Aspect ratio data from 20 randomly selected 
particles on ESEM micrographs. 
Particle number Aspect Ratio
1 1.20 
2 1.20 
3 1.00 
4 1.25 
5 1.10 
6 1.39 
7 1.18 
8 1.04 
9 1.00 
10 1.30 
11 1.34 
12 1.29 
13 1.28 
14 1.29 
15 1.08 
16 1.18 
17 1.03 
18 1.17 
19 1.35 
20 1.16 
Mean 1.19 
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A4.2 Calculated and derived data for scattering experiments 
The data obtained from the CBS experiments using the method described in 3.6.2 is in the form 
of a set of 10 000 points (100×100 matrix) for every CSEG concentration and shear rate.  For 
reasons of space and conciseness the data is presented as a graph of normalised back scattered 
light intensity against backscatter angle from successful runs.  Data is presented 1 dimensionally 
but has been averaged over the full circle of backscattered light. Only the data above the WAHM 
point is shown. 
An analytic expression for the coherent backscattering intensity line shape may be obtained for 
non-polarising media (Wolf et al 1988), and is shown in equation (80) .   The CSEG suspension is 
expected to be non-polarising, and as the polarisation state strongly influences the observed 
intensity line shape, the approximate match seen in the graphs below confirms this. 
 
⎥⎥
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢⎢
⎢
⎣
⎡
⎟⎟
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜⎜
⎜
⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −
+
⎟⎠
⎞⎜⎝
⎛ +
+=
−
*2
1
1
*21
1
3
7)(
3
*8
2 ??
?
πθ
λ
λ
πθθ
λ
πθ
e
I  
(80) 
 
  174
0.21
0.22
0.23
0.24
0.25
0.26
0.27
0.28
0.29
0.3
0 0.00005 0.0001 0.00015 0.0002 0.00025 0.0003
θ  (rad)
N
or
m
al
is
ed
 in
te
ns
ity
 (-
)
 
Figure 134. Normalised backscatter intensity, CSEG (Cv = 
0.421),  unsheared.  Solid line is equation (80). 
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Figure 135. Normalised backscatter intensity, CSEG (Cv 
=0.421),  Nominal shear rate = 0.02 s-1.  Solid line is 
equation (80). 
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Figure 136. Normalised backscatter intensity, CSEG (Cv 
=0.421),  Nominal shear rate = 0.2 s-1.  Solid line is equation 
(80). 
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Figure 137. Normalised backscatter intensity, CSEG (Cv = 
0.421),  Nominal shear rate = 0.5 s-1.  Solid line is equation 
(80). 
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Figure 138. Normalised backscatter intensity, CSEG (Cv 
=0.421),  Nominal shear rate 1.0 s-1.  Solid line is equation 
(80). 
 
Table 21. Transport mean free path, CSEG suspension.  
Value obtained from least squares fit of equation (80). 
 Cv 
0.373
Cv 
0.392
Cv 
0.421
Cv 
0.45
Cv 
0.503 
Nominal shear rate 
(s-1) 
ℓ*  
(μm) 
0 214 265 216 221 157 
0.02 194 238 199 219 144 
0.05 185 220 166 221 142 
0.1 189 201 164 219 134 
0.2 196 205 149 208 173 
0.5  218 167 215 172 
1  220 150 212 132 
2   158 214  
10   161   
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The data in Table 22 is derived from three separate experiments where the variations in 
concentration and loading of sample into the rheometer have an effect, producing a larger 
confidence limit (relative to the mean value) than the data in Table 23.  The latter data is derived 
from a single experiment, where only the variation in condition of the sample and digital 
sampling cause variation. 
 
Table 22.  Repeatability statistics for Cv = 0.421 (unsheared).  
Transport mean free path ℓ*  
 
Mean (m) 0.000222 
Standard Error 5.078 10-06 
Standard Deviation 8.795 10-06 
Sample Variance 7.735 10-11 
Range 1.732 10-05 
Count 3 
Confidence Level (95.0%) 2.185 10-05 
Confidence Level as fraction of mean 9.8% 
 
 
Table 23. Repeatability statistics for Cv = 0.421 (nominal 
shear rate 0.02 s-1). 
Transport mean free path ℓ*  
  
Mean (μm) 192 
Standard Error 1.48815 
Standard Deviation 3.327605 
Sample Variance 11.07295 
Range 7.138833 
Count 5 
Confidence Level(95.0%) 4.131767 
Confidence Level as fraction of mean 2.1% 
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A4.3 Data from rheology experiments 
A4.3.1 ARES data 
The uncorrected data from parallel plate rheometry or cone and plate rheometry (controlled 
strain) is shown in this section. 
 
Table 24 Uncorrected data CSEG suspension, Cw = 0.45 
Cv 0.373 Plates  steel 
Cw 0.45 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
0.5 0.05 0.013 3.2 
0.5 0.1 0.0819 3.07 
0.5 0.2 0.071 6.4 
0.5 0.5 0.1427 9.05 
0.5 1 0.1415  
0.5 2 0.2986  
0.5 5 0.929  
0.5 10 4.73 6.96 
0.5 20 15.08 32.6 
0.5 50 57.4  
0.5 100 125.3  
0.5 200 274.2  
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Table 25 Uncorrected data CSEG suspension, Cw = 0.45 
Cv 0.373 Plates  steel 
Cw 0.45 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
1 0.025 0.03643 11.22 
1 0.05 0.1144 16.21 
1 0.1 0.05996 20.697 
1 0.2 0.09577 26.468 
1 0.5 0.109 0.2736 
1 1 0.2048 0.8872 
1 2 0.3745 2.649 
1 5 1.1146 5.543 
1 5 2.1757 5.314 
1 10 7.2522 13.115 
1 20 24.512 28.191 
1 50 98.494 31.1 
1 50 90.796 69.159 
1 100 225.57 187.11 
1 200 439.38 393.92 
1 500 753.04 727 
 
 
Table 26 Uncorrected data CSEG suspension, Cw = 0.45 
Cv 0.373 Plates  steel 
Cw 0.45 Diameter 50 
mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2 0.02 0.048  
2 0.05 0.06358  
2 0.1 0.05249  
2 0.2 0.09156 12.08 
2 0.2 0.07438 1.4782 
2 0.5 0.08178 2 
2 1 0.2071 2.41 
2 2 0.5375 4.155 
2 5 2.0497 2.35 
2 10 8.651 5.055 
2 20 26.52 20.45 
2 50 112.2 82.3 
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Table 27 Uncorrected data CSEG suspension, Cw = 0.47 
Cv 0.392 Plates  steel 
Cw 0.47 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
0.5 0.05 0.053  
0.5 0.1 0.069  
0.5 0.2 0.0848  
0.5 0.5 0.163  
0.5 1 0.1375  
0.5 2 0.3458  
0.5 5 1.31  
0.5 10 9.52  
0.5 20 37.4  
0.5 50 138.63  
0.5 100 292.7  
0.5 200 559.76 428 
 
 
Table 28 Uncorrected data CSEG suspension, Cw = 0.47 
Cv 0.392 Plates  steel 
Cw 0.47 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
1 0.025 0.0172  
1 0.05 0.0312  
1 0.1 0.068  
1 0.2 0.1189  
1 0.5 0.1234 12.15 
1 1 0.2699 11.07 
1 2 0.6843 14.36 
1 5 3.38 18.06 
1 10 21.77 12.76 
1 20 93.17 80 
1 50 301.46 576 
1 100 490.1 968 
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Table 29 Uncorrected data CSEG suspension, Cw = 0.47 
Cv 0.392 Plates  steel 
Cw 0.47 Diameter 50 
mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2 0.1 0.09 0.36 
2 0.2 0.131 1.46 
2 0.5 0.256 0.65 
2 1 0.4 0.54 
2 2 0.43 0.17 
2 5 1.65 0.54 
2 10 8.3 2.75 
2 20 59.4 53 
 
 
Table 30 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates  steel 
Cw 0.50 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
0.5 0.05 0.014 0.77 
0.5 0.1 0.042  
0.5 0.2 0.1339 2.17 
0.5 0.5 0.2867 7.6 
0.5 1 0.414  
0.5 2 1.31 21.8 
0.5 5 17.8  
0.5 10 76.76  
0.5 20 252.95  
0.5 50 484.7 397 
0.5 100 1017 2119 
0.5 200 1973 8589 
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Table 31 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates  steel 
Cw 0.50 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
1 0.025 0.0245  
1 0.05 0.066  
1 0.1 0.0755  
1 0.2 0.132  
1 0.5 0.244  
1 1 0.676  
1 2 2.54  
1 5 55 9.7 
1 5 55.68  
1 10 144.3  
1 20 260.6 26.7 
1 50 618 934 
 
Table 32 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates  steel 
Cw 0.50 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2 0.02 0.093  
2 0.05 0.126  
2 0.1 0.187  
2 0.2 0.229  
2 0.2 0.075  
2 0.5 0.2698  
2 1 0.7313  
2 2 5.07 4.7 
2 2 4.17  
2 5 197.98 162 
2 10 318.1 420 
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Table 33 Uncorrected data CSEG suspension, Cw  = 0.53 
Cv 0.45 Plates  steel 
Cw 0.53 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
0.5 0.05 0.04  
0.5 0.1 0.115  
0.5 0.2 0.239  
0.5 0.5 0.583  
0.5 1 2.02 2.9 
0.5 2 12.76 6.1 
0.5 5 62.28 62.8 
0.5 10 1143 1131 
 
 
Table 34 Uncorrected data CSEG suspension, Cw = 0.53 
Cv 0.45 Plates  steel 
Cw 0.53 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
1 0.025 0.084  
1 0.05 0.128  
1 0.1 0.261  
1 0.2 0.376  
1 0.5 0.734 1.7 
1 1 9.86 18.7 
1 2 74.74 111.3 
1 5 235 177 
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Table 35 Uncorrected data CSEG suspension, Cw  = 0.53 
Cv 0.45 Plates  steel 
Cw 0.53 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2 0.02 0.09  
2 0.05 0.213  
2 0.1 0.2994  
2 0.2 0.485  
2 0.5 6.26 8.9 
2 1 148 266 
2 2 157 482 
2 5 453 124 
 
Table 36 Uncorrected data CSEG suspension, Cw = 0.55 
Cv 0.47 Plates  steel 
Cw 0.55 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
0.5 0.05 0.1365 7.8 
0.5 0.1 0.343 12.71 
0.5 0.2 0.979 22 
0.5 0.5 5.35 11 
0.5 10 5908 31037 
 
Table 37 Uncorrected data CSEG suspension, Cw  = 0.55 
Cv 0.47 Plates  steel 
Cw 0.55 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
1 0.025 0.102  
1 0.05 0.165  
1 0.1 0.361  
1 0.2 1.96  
1 0.5 13.1 17.2 
1 1 79.9 34.1 
1 2 752 1628 
1 5 3154  
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Table 38 Uncorrected data CSEG suspension, Cw = 0.55 
Cv 0.47 Plates  steel 
Cw 0.55 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2 0.0125 0.105  
2 0.02 0.152  
2 0.05 0.243  
2 0.1 2.72  
2 0.2 16.08 35.85 
2 0.5 49.3 28.5 
2 1 103 10.6 
2 2 469.5 964 
 
 
Table 39 Uncorrected data CSEG suspension, Cw = 0.56 
Cv 0.49 Plates  steel 
Cw 0.56 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2 0.0125 0.1174 0.67 
2 0.02 0.17 1.85 
2 0.05 1.05 13.5 
2 0.1 7.09 26 
2 0.2 23.4 41.6 
2 0.5 41.5 33.1 
2 1 209 458 
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Table 40 Uncorrected data corn starch glycol suspension, Cw 
= 0.496 
Cv 0.45 Plates  steel 
Cw 0.496 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2.0 0.035 10.62  
2.0 0.07 87.3  
2.0 0.15 197.4  
2.0 0.2 240.8  
 
 
Table 41 Uncorrected data corn starch glycol suspension, Cw 
= 0.496 
Cv 0.45 Plates  steel 
Cw 0.496 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
2.2 0.015 6.32  
2.2 0.02 6.64  
2.2 0.05 53.5  
2.2 0.1 144  
 
Table 42 Uncorrected data corn starch glycol suspension, Cw 
= 0.496 
Cv 0.45 Plates  steel 
Cw 0.496 Diameter 50 mm 
    
GAP 
(mm) 
SHEAR RATE (γ) 
(s-1) 
SHEAR STRESS (τ) 
(Pa) 
N1-2 
(Pa) 
3.1 0.008 0.25  
3.1 0.01 0.326  
3.1 0.02 73  
3.1 0.05 650 280 
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Table 43 Uncorrected data CSEG suspension, Cw = 0.53, 
cone and plate. 
Cv 0.45 Plates  Steel cone 
Cw 0.53 Diameter 50 mm 
SHEAR RATE (γ) 
(s-1) 
0.2 
 
0.5 
 
 
1.0 
 
Time 
(s) 
τ 
(Pa) 
N1 
(Pa) 
τ 
(Pa) 
N1 
(Pa) 
τ 
(Pa) 
N1 
(Pa) 
1.2 1.2 -1309.6 0.6 -1682.7 1.5 -1964.6 
3.6 1.0 -801.9 0.5 -1502.8 1.5 -1838.3 
6.0 0.9 -126.8 0.5 -882.6 1.3 -3034.4 
8.4 0.8 -298.9 0.6 -76.4 1.3 -3061.0 
10.8 0.8 -379.7 0.5 -1205.0 1.3 -2906.5 
13.2 0.8 44.2 0.5 -1660.3 1.4 -1971.5 
15.6 0.8 -133.1 0.4 -2258.4 1.3 -3140.5 
18.0 0.7 -116.7 0.4 -1962.1 1.2 -3878.1 
20.4 0.7 -52.6 0.4 -2717.7 1.2 -4306.3 
22.8 0.8 282.8 0.5 -1747.7 1.4 -3379.0 
25.2 0.7 -254.9 0.5 -863.1 1.5 -2317.9 
27.6 0.7 -280.1 0.6 175.8 1.4 -3599.9 
30.0 0.7 -35.7 0.6 499.2 1.4 -3742.1 
32.4 0.7 -680.6 0.7 46.5 1.4 -4616.0 
34.8 0.6 -1376.0 0.5 -1528.5 1.4 -4438.0 
37.2 0.6 -1231.8 0.5 -1729.4 1.5 -4308.0 
39.6 0.6 -1068.7 0.5 -1552.9 1.5 -4805.9 
42.0 0.6 -1075.9 0.5 -1754.0 1.5 -5191.0 
44.4 0.6 -1031.2 0.5 -1520.2 1.4 -6141.5 
46.8 0.5 -1593.0 0.5 -1948.6 1.6 -4541.7 
49.2 0.5 -2130.9 0.5 -1463.5 1.9 -2389.6 
51.6 0.4 -2028.4 0.5 -1681.4 1.8 -3761.8 
54.0 0.5 -2120.4 0.5 -1595.5 1.9 -3627.0 
56.4 0.5 -2270.0 0.6 -1234.8 1.9 -3145.1 
58.8 0.5 -2019.7 0.6 -1122.6 2.0 -3439.9 
61.2 0.5 -1547.0 0.5 -1924.5 2.0 -3448.5 
63.6 0.5 -1737.1 0.6 -1599.7 2.0 -3691.2 
66.0 0.5 -1919.7 0.5 -2238.0 2.1 -3986.8 
68.4 0.5 -1542.3 0.5 -3026.0 2.2 -4633.8 
70.8 0.5 -1766.7 0.5 -2404.9 2.3 -3650.9 
73.2 0.5 -1124.9 0.6 -1244.2 2.5 -2194.8 
75.6 0.6 -265.1 0.7 510.1 2.6 -2350.4 
78.0 0.7 374.6 0.8 1184.5 2.6 -2689.9 
80.4 0.6 204.5 0.7 -434.7 2.6 -3383.2 
82.8 0.6 -749.0 0.6 -1549.6 2.7 -3222.2 
85.2 0.5 -1104.9 0.6 -1904.9 2.7 -3360.2 
87.6 0.5 -1099.2 0.6 -1867.9 2.8 -3756.2 
90.0 0.5 -970.0 0.6 -1526.3 2.9 -3981.1 
92.4 0.5 -875.6 0.7 -1220.4 3.1 -3186.8 
94.8 0.5 -880.5 0.7 -1241.7 3.3 -2666.4 
97.2 0.5 -610.2 0.7 -1625.9 3.5 -1480.7 
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99.6 0.5 -940.5 0.7 -1360.7 3.6 -2283.5 
102.0 0.5 -630.8 0.6 -1798.1 3.7 -3264.9 
104.4 0.5 -457.2 0.6 -2839.8 3.8 -3421.3 
106.8 0.5 -1218.9 0.6 -3081.6 3.9 -3360.0 
109.2 0.5 -898.1 0.6 -3105.3 4.3 -3487.3 
111.6 0.5 -485.8 0.5 -3514.5 4.4 -3337.0 
114.0 0.5 -599.1 0.5 -3836.1 4.5 -3555.2 
116.4 0.5 -1319.3 0.6 -3025.3 4.7 -3917.1 
118.8 0.4 -1844.3 0.6 -2485.3 5.1 -2616.2 
 
A4.3.2 LAOS data 
Large angle oscillatory data taken from the ARES rheometer.  Test conditions are described in 
3.3.3 . 
Table 44.  LAOS data from ARES 50 mm plates, 2 mm gap. 
CSEG Cw = 0.53. 
Angular Frequency (ω) 
(rad s-1) 
10 10 10 
Strain 
(%) 
Torque (M) 
(mNm) 
  
0.20   0.0002
0.32   0.0004
0.50   0.0006
0.80   0.0009
1.26   0.0011
2.00   0.0017
3.16   0.0025
5.01   0.0034
7.93   0.0049
10.0 0.0047 0.0043  
12.0 0.0054 0.0051 0.0068
13.9 0.0069 0.0058  
15.9 0.0076 0.0066  
17.9 0.0077 0.0073  
19.9 0.0087 0.0081 0.0094
21.9 0.0093 0.0089  
23.9 0.0101 0.0096  
25.9 0.0108 0.0103  
27.9 0.0115 0.0111  
29.9 0.0125 0.0119  
31.9 0.0131 0.0127 0.0142
33.9 0.0140 0.0136  
35.8 0.0148 0.0144  
37.8 0.0156 0.0153  
39.8 0.0166 0.0164  
41.8 0.0178 0.0176  
43.8 0.0190 0.0188  
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45.8 0.0203 0.0206  
47.8 0.0221 0.0229  
49.8 0.0246 0.0260 0.0771
51.8  0.0300  
53.8  0.0359  
55.8  0.0439  
57.7  0.0543  
59.7  0.0694  
61.7  0.0889  
63.7  0.1145  
65.8  0.1478  
67.6  0.1819  
69.7  0.2267  
71.7  0.2763  
73.6  0.3272  
75.6  0.3891  
77.6  0.4536  
79.8  0.5231 1.6321
81.7  0.5924  
83.7  0.6755  
85.8  0.7698  
87.8  0.8734  
89.7  0.9800  
91.7  1.1062  
93.7  1.2415  
95.6  1.3776  
97.7  1.5378  
99.7  1.7006  
101.7  1.8726  
103.6  2.0390  
105.7  2.2233  
107.7  2.4076  
109.7  2.5950  
111.6  2.7714  
113.6  2.9651  
115.7  3.1557  
117.5  3.3417  
119.6  3.5380  
121.6  3.7406  
123.6  3.9389  
125.5  4.1208 6.6835
127.6  4.3167  
129.6  4.5081  
131.6  4.7080  
133.5  4.8787  
135.6  5.0708  
137.6  5.2641  
139.5  5.4388  
141.5  5.6401  
143.5  5.8357  
145.6  6.0454  
147.5  6.2251  
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149.5  6.4255  
151.5  6.6325  
153.6  6.8179  
155.4  7.0247  
157.4  7.2229  
159.4  7.4275  
161.3  7.6161  
163.3  7.8171  
165.4  8.0266  
167.4  8.2285  
169.3  8.4264  
171.3  8.6147  
173.3  8.8589  
175.4  9.0961  
177.2  9.3130  
179.3  9.5608  
181.3  9.8132  
 
Table 45.  LAOS data from ARES 50 mm plates, 2 mm gap. 
CSEG Cw = 0.53. 
Angular Frequency (ω) 
(rad s-1) 
1 5 10 20 100 
Strain 
(%) 
Torque (M) 
(Nm) 
    
0.2 0.0001    0.0009 
0.3 0.0001    0.0023 
0.5 0.0001    0.0042 
0.8 0.0001    0.0056 
1.3 0.0002    0.0089 
2.1 0.0003    0.0126 
3.2 0.0003    0.0185 
5.1 0.0004    0.0275 
8.0 0.0007    0.0400 
10.0  0.0024 895.17 0.0091  
12.0 0.0010 0.0028 321.51 0.0103 0.0573 
14.0  0.0032 132.90 0.0117  
15.9  0.0035 58.82 0.0131  
17.9  0.0039 26.66 0.0143  
19.9 0.0013 0.0043 12.01 0.0156 0.0903 
21.9  0.0046 5.36 0.0170  
23.9  0.0049 2.45 0.0184  
25.9  0.0053 1.12 0.0198  
27.9  0.0056 0.57 0.0214  
29.9  0.0060 0.31 0.0227  
31.9 0.0020 0.0064 0.15 0.0243 0.4344 
33.9  0.0068 0.10 0.0261  
35.9  0.0073 0.08 0.0280  
37.9  0.0075  0.0300  
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39.9  0.0081  0.0325  
41.9  0.0084  0.0352  
43.8  0.0090  0.0388  
45.8  0.0093  0.0432  
47.8  0.0098  0.0489  
49.8 0.0031 0.0102  0.0561 8.3546 
51.8  0.0109  0.0656  
53.8  0.0113  0.0786  
55.8  0.0120  0.0943  
57.8  0.0126  0.1124  
59.8  0.0133  0.1323  
61.7  0.0142  0.1553  
63.7  0.0151  0.1816  
65.8  0.0163  0.2111  
67.6  0.0174  0.2410  
69.7  0.0188  0.2771  
71.7  0.0205  0.3165  
73.7  0.0223  0.3584  
75.6  0.0242  0.4029  
77.6 0.0055 0.0266  0.4547 25.0213 
79.8  0.0290  0.5117  
81.8  0.0316  0.5731  
83.7  0.0343  0.6361  
85.7  0.0376  0.7082  
87.8  0.0410  0.7856  
89.8  0.0450  0.8689  
91.7  0.0490  0.9513  
93.7  0.0536  1.0475  
95.8  0.0586  1.1529  
97.6  0.0635  1.2636  
124.7 0.0118    46.2083 
197.4 0.0263    58.3708 
 
Table 46.  LAOS data from ARES 50 mm plates, varying gap 
size. CSEG Cw = 0.50, angular frequency 10 rad s-1. 
Plate gap (mm) 0.5 1.0 2.0 
Strain 
(%) 
Torque (M) 
(Nm) 
  
10.0 0.0030 0.0032 0.0034
14.9 0.0044 0.0049 0.0047
19.9 0.0056 0.0063 0.0060
24.9 0.0067 0.0074 0.0073
29.9 0.0079 0.0088 0.0083
34.9 0.0090 0.0099 0.0094
39.8 0.0100 0.0109 0.0105
44.8 0.0109 0.0121 0.0117
49.8 0.0122 0.0134 0.0126
54.8 0.0137 0.0147 0.0138
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59.7 0.0164 0.0165 0.0153
64.8 0.0202 0.0203 0.0177
69.8 0.0268 0.0341 0.0252
74.6 0.0367 0.0769 0.0496
79.7 0.0511 0.1477 0.1192
84.8 0.0716 0.2216 0.2417
89.8 0.0971 0.3147 0.3970
94.7 0.1243 0.4263 0.5648
99.7 0.1569 0.5515 0.7583
 
A4.3.3 Stress relaxation data 
 
Table 47.  Relaxation time data from ARES 50 mm plates, 
CSEG Cw = 0.53. 
Strain (%) 1 10 50 100 200 
Time 
(s) 
G(t) 
(Pa) 
G(t) 
(Pa) 
G(t) 
(Pa) 
G(t) 
(Pa) 
G(t) 
(Pa) 
0.01 43.36 288.77 895.17 727.17 688.95
0.02 29.42 108.93 321.51 338.15 525.12
0.03 14.90 48.82 132.90 137.24 168.69
0.04 5.75 22.92 58.82 60.31 70.48 
0.05 2.45 10.75 26.66 27.13 30.97 
0.06 1.47 4.88 12.01 12.10 13.63 
0.07 0.48 2.67 5.36 5.35 5.96 
0.08 1.59 1.43 2.45 2.34 2.60 
0.09 2.88 0.65 1.12 1.04 1.14 
0.1 4.37 0.08 0.57 0.46 0.50 
0.11 3.37  0.31 0.22 0.22 
0.12 0.57  0.15 0.10 0.08 
0.13   0.10 0.08 0.04 
0.14   0.08 0.05 0.02 
0.15    0.04 0.01 
0.16    0.02  
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Table 48.  Relaxation time data, derived from least squares fit 
to equation (37) and Table 47.  
Strain Relaxation Time 
λ 
(s) 
Coefficient 
G0 
(Pa) 
1 0.0122 151 
10 0.011702 719 
10 0.012279 470 
50 0.012331 1544 
100 0.012422 1633 
200 0.0122 1863 
 
A4.3.4 SR200 data 
The uncorrected data from parallel plate rheometry (controlled stress) for ceramic and roughened 
surfaces is shown in this section. 
Table 49 Uncorrected data CSEG suspension, Cw = 0.47 
Cv 0.392 Plates (surface) ceramic 
Cw 0.47 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
1 1.25664E-06 1.36716E-05  
1 2.51415E-06 0.000291  
1 6.28281E-06 0.000387636  
1 1.25861E-05 0.005794  
1 2.5212E-05 0.02264  
1 6.28319E-05 0.2325  
1 0.000125664 0.33  
1 0.000251327 0.4785  
1 0.000628319 0.85  
1 0.001256637 1.455  
1 0.002513274 2.755  
1 0.006283185 8.215  
1 0.012566371 56  
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Table 50 Uncorrected data CSEG suspension, Cw = 0.47 
Cv 0.392 Plates (surface) ceramic 
Cw 0.47 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
2 1.25664E-06 0.000022689  
2 6.28281E-06 0.000041908  
2 2.51415E-06 0.000291  
2 6.28331E-06 0.000496  
2 6.28356E-06 0.000625  
2 2.50636E-06 0.002289  
2 2.51395E-05 0.0041  
2 1.26189E-05 0.005459  
2 1.25861E-05 0.006129  
2 2.5212E-05 0.02264  
2 6.31615E-05 0.455566  
2 6.20893E-05 0.53119  
2 0.00012525 0.69  
 
 
Table 51 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates (surface) ceramic 
Cw 0.50 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
0.5 6.28319E-06 0.0001695  
0.5 1.25664E-05 0.0002065  
0.5 6.28319E-05 0.0743  
0.5 0.000125664 0.0971325  
0.5 0.000251327 0.133875  
0.5 0.000628319 0.24125  
0.5 0.001256637 0.3965  
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Table 52 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates (surface) ceramic 
Cw 0.50 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
1 1.25664E-06 3.085E-07  
1 2.51327E-06 9.675E-07  
1 6.28319E-06 0.00007625  
1 1.25664E-05 0.001525  
1 2.51327E-05 0.0815  
1 6.28319E-05 0.133333333  
1 0.000125664 0.171333333  
1 0.000251327 0.221333333  
1 0.000628319 0.3365  
1 0.001256637 0.471  
 
 
Table 53 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates (surface) ceramic 
Cw 0.50 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
2 1.25664E-05 0.00057  
2 2.51327E-05 0.0036  
2 6.28319E-05 0.155  
2 0.000125664 0.228  
2 0.000188496 0.31  
2 0.000251327 0.324  
2 0.000376991 0.412  
2 0.000628319 0.486  
2 0.000879646 0.638  
2 0.001068142 0.747  
2 0.001256637 0.787  
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Table 54 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates (surface) ceramic 
Cw 0.50 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
4 6.28319E-06 0.000124  
4 1.25664E-05 0.00163  
4 2.51327E-05 0.00596  
4 6.28319E-05 0.494  
4 0.000125664 0.604  
4 0.000251327 0.76  
4 0.000628319 1.338  
4 0.001256637 1.928  
 
 
Table 55 Uncorrected data CSEG suspension, Cw = 0.50 
Cv 0.421 Plates (surface) rough 
Cw 0.50 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
1 2.51315E-06 0.000000211  
1 6.28293E-06 0.0000063  
1 1.2566E-05 0.000228  
1 2.51327E-06 0.00031  
1 2.51461E-05 0.000379  
1 0.000125664 0.260202  
1 0.000251327 0.320414  
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Table 56 Uncorrected data CSEG suspension, Cw = 0.53 
Cv 0.45 Plates (surface) rough 
Cw 0.53 Diameter 40 mm 
    
GAP 
(mm) 
Torque (M) 
(Nm) 
Angular Velocity (ω) 
(rad s-1) 
 
0.5 2.51327E-06 1.945E-07  
0.5 6.28319E-06 0.000014925  
0.5 1.25664E-06 0.00011975  
0.5 2.51327E-06 0.000415  
1 1.25664E-06 1.395E-08  
1 2.51327E-06 4.19E-08  
1 1.00531E-06 4.38E-08  
1 1.25664E-06 0.00000008  
1 2.51327E-05 0.00042  
2 2.51532E-05 0.0008  
 
A4.3.5 Pipe loop data 
Data from the pipe loop runs has been condensed from approximately 1200 data points per run 
and a mean value for each point is tabulated here.  Both clear water runs and CSEG runs are 
shown.   
Table 57 Pipe loop data, clear water runs. 
Cv 0.0     
Cw 0.0     
Run Flowrate (Q) 
(l min-1) 
NB 0125 Pressure drop (ΔP) 
(kPa) 
NB 025 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
1 23.22 39.27   24.6 1004 
1 33.10 74.13 4.75 24.94 1002 
1 38.36 95.87 6.00 25.5 1001 
1 44.01 121.71 8.09 26.18 1002 
1 47.85 138.36 6.15  1002 
1 50.04 146.76 11.86  1002 
1 51.85 154.84 10.24 28.96 1003 
1 44.25 118.07 2.54  1001 
1 39.93 97.74 4.55 31 1000 
1 35.56 80.51 4.33  1001 
1 30.27 60.29 2.36 31.4 1002 
1 25.19 44.02 2.55 31.88 1002 
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Table 58 Pipe loop data, clear water runs. 
Cv 0.0     
Cw 0.0     
Run Flowrate (Q) 
(l min-1) 
NB 0125 Pressure drop (ΔP) 
(kPa) 
NB 025 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
2 23.36 40.41 1.48 23.5 1004 
2 26.23 50.39 4.14  1004 
2 29.29 63.60 5.13  1004 
2 48.25 143.94 9.28 23.8 1004 
2 33.39 78.54 3.87  1004 
2 37.04 95.18 4.75  1004 
2 44.69 130.59 7.69 24.6 1004 
2 47.91 141.00 10.45  1004 
2 51.17 154.80 11.20  1004 
2 24.84 44.61 1.64 25.66 1004 
 
Table 59 Pipe loop data, clear water runs. 
Cv 0.0     
Cw 0.0     
Run Flowrate (Q) 
(l min-1) 
NB 0125 Pressure drop (ΔP) 
(kPa) 
NB 025 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
3 24.74 44.27 2.04 25.8 1006 
3 33.64 77.32 3.01 26.3 1006 
 
Table 60 Pipe loop data, CSEG runs. Cv based on slurry 
density post-pump. 
Run Flowrate (Q) 
(l min-1) 
NB 0125  
Pressure drop (ΔP) 
(kPa) 
NB 025 
 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
Cv 
(-) 
1 4.52 196.43* ** 19.8 1254 0.36
1 5.29 196.49  20.5 1253 0.36
1 6.43 196.58 25.07 21 1253 0.36
1 7.42 196.59 10.72 22 1252 0.36
1 8.55 196.60 31.03 23 1252 0.36
1 8.85 196.64 14.28 24.2 1251 0.36
1 9.93 196.65 16.17 25.6 1251 0.36
1 11.83 196.69 14.21 24.8 1250 0.36
1 13.56 196.73 27.77 31.3 1249 0.36
*All pressure values >196 kPa exceed DP cell range 
** Pressure drop out of range (too low) 
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Table 61 Pipe loop data, CSEG runs. Cv based on slurry 
density post-pump. 
Run Flowrate (Q) 
(l min-1) 
NB 0125  
Pressure drop (ΔP) 
(kPa) 
NB 025 
 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
Cv 
(-) 
2 0.26 2.73 0.11 20 1225 0.29
2 0.28 2.76 0.12  1225 0.29
2 0.62 7.48 0.29  1225 0.29
2 2.20 33.97 1.71  1227 0.30
2 3.72 63.15 3.42  1228 0.30
2 5.25 91.55 4.93  1229 0.30
2 7.90 139.81 8.29  1230 0.30
2 9.64 167.98 0.56  1230 0.30
2 11.57 181.41   1230 0.31
2 12.82 181.59   1230 0.31
2 15.04 182.37 20.92  1230 0.30
2 17.04 182.47 11.78  1229 0.30
2 18.18 182.72 17.54  1229 0.30
2 10.15 157.88  20 1228 0.30
2 10.65 166.01   1228 0.30
2 6.29 96.48 5.22  1227 0.30
2 7.52 116.24 6.30  1227 0.30
2 7.75 120.07 7.09  1228 0.30
2 7.92 122.11 6.46  1228 0.30
2 7.46 114.95 5.78  1228 0.30
2 6.32 97.29 5.28  1227 0.30
2 3.66 54.48 2.10  1226 0.30
2 5.14 78.57 4.12  1227 0.30
2 4.75 72.17 3.70  1227 0.30
2 4.03 60.66 2.54  1226 0.30
2 2.16 30.78 0.16  1225 0.29
2 1.09 14.15  20 1223 0.29
2 0.57 6.71   1221 0.28
2 7.72 123.18 7.17  1228 0.30
2 7.80 124.35 6.95  1228 0.30
 
Table 62 Pipe loop data, CSEG runs. Cv based on slurry 
density post-pump. 
Run Flowrate (Q) 
(l min-1) 
NB 0125  
Pressure drop (ΔP) 
(kPa) 
NB 025 
 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
Cv 
(-) 
3 12.57 196.60 34.01 27.45 1250 0.36
3 0.58 9.63 0.76 28.51 1244 0.35
3 1.13 26.30 1.50 28.14 1244 0.35
3 2.22 70.72 2.72 27.88 1246 0.35
3 0.49 8.02 0.95 27.75 1244 0.35
  200
Table 63 Pipe loop data, CSEG runs. Cv based on slurry 
density post-pump. 
Run Flowrate (Q) 
(l min-1) 
NB 0125  
Pressure drop (ΔP) 
(kPa) 
NB 025 
 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
Cv 
(-) 
4 3.14 194.15 12.35 21.76 1258 0.38
4 4.14 196.67 15.48 23.48 1258 0.38
4 5.96 196.71 23.05 25.14 1256 0.37
4 7.32 196.73 24.93 27.03 1255 0.37
4 9.34 196.74 26.42 29.39 1253 0.37
4 0.62 13.43 0.81 28.15 1249 0.36
4 1.11 34.39 1.38 26.87 1250 0.36
4 2.15 109.92 3.17 25.57 1252 0.37
4 3.97 184.65  24.42 1254 0.37
 
Table 64 Pipe loop data, CSEG runs. Cv based on slurry 
density post-pump. 
Run Flowrate (Q) 
(l min-1) 
NB 0125  
Pressure drop (ΔP) 
(kPa) 
NB 025 
 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
Cv 
(-) 
5 2.21 187.67  24.34 1263 0.39
5 2.32 193.20 4.74 25.91 1263 0.39
5 2.66 196.72 6.61 27.28 1263 0.39
5 3.16 196.76 5.93 29.98 1259 0.39
5 2.86 188.36 0.69 28.60 1259 0.38
5 0.90 36.85 1.01 27.58 1254 0.37
5 0.84 30.01 0.87 26.71 1254 0.37
5 1.91 156.45 4.91 26.33 1258 0.38
5 1.13 67.94 1.24 26.32 1255 0.37
5 1.73 135.60 4.42 26.63 1257 0.38
5 1.77 153.84 3.29 27.04 1257 0.38
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Table 65 Pipe loop data, CSEG runs. Cv based on slurry 
density post-pump. 
Run Flowrate (Q) 
(l min-1) 
NB 0125  
Pressure drop (ΔP) 
(kPa) 
NB 025 
 Pressure drop (ΔP) 
(kPa) 
Temperature 
(ºC) 
Slurry density 
(kg m-3) 
Cv 
(-) 
6 0.80 196.65 0.77 31.48 1265 0.40
6 0.84 188.67  33.44 1265 0.40
6 0.79 187.07 1.57 39.15 1263 0.40
6 1.02 181.35  45.29* 1261 0.41
 
* Temperature >40°C, test abandoned.  
 
A4.3.6 ERT data from pipe loop  
Each data set from an ERT run was a time smoothed result that contained 10 000 points 
(100×100 matrix).  For reasons of space and conciseness only the centreline data points from 
successful runs are tabulated here.  The radial position 1 is the top of the pipe, -1 is the bottom. 
 
Table 66.  ERT Concentration data, centreline only. 
Run C E G 
8V/D 
(s-1) 
2.6 1.45 1.3 
Radial position    
1 0.33261 0.32133 0.33197 
0.98 0.33261 0.32133 0.33197 
0.96 0.33261 0.32133 0.33197 
0.94 0.33261 0.32133 0.33197 
0.92 0.33261 0.32133 0.33197 
0.9 0.333865 0.322535 0.33701 
0.88 0.333865 0.322535 0.33701 
0.86 0.333865 0.322535 0.33701 
0.84 0.333865 0.322535 0.33701 
0.82 0.333865 0.322535 0.33701 
0.8 0.335085 0.32469 0.343335
0.78 0.335085 0.32469 0.343335
0.76 0.335085 0.32469 0.343335
0.74 0.335085 0.32469 0.343335
0.72 0.335085 0.32469 0.343335
0.7 0.33581 0.32804 0.350225
0.68 0.33581 0.32804 0.350225
0.66 0.33581 0.32804 0.350225
0.64 0.33581 0.32804 0.350225
  202
0.62 0.33581 0.32804 0.350225
0.6 0.33576 0.332255 0.35704 
0.58 0.33576 0.332255 0.35704 
0.56 0.33576 0.332255 0.35704 
0.54 0.33576 0.332255 0.35704 
0.52 0.33576 0.332255 0.35704 
0.5 0.334925 0.33676 0.36337 
0.48 0.334925 0.33676 0.36337 
0.46 0.334925 0.33676 0.36337 
0.44 0.334925 0.33676 0.36337 
0.42 0.334925 0.33676 0.36337 
0.4 0.33356 0.34104 0.36901 
0.38 0.33356 0.34104 0.36901 
0.36 0.33356 0.34104 0.36901 
0.34 0.33356 0.34104 0.36901 
0.32 0.33356 0.34104 0.36901 
0.3 0.33204 0.34482 0.373895
0.28 0.33204 0.34482 0.373895
0.26 0.33204 0.34482 0.373895
0.24 0.33204 0.34482 0.373895
0.22 0.33204 0.34482 0.373895
0.2 0.330775 0.34798 0.378 
0.18 0.330775 0.34798 0.378 
0.16 0.330775 0.34798 0.378 
0.14 0.330775 0.34798 0.378 
0.12 0.330775 0.34798 0.378 
0.1 0.330095 0.350495 0.38133 
0.08 0.330095 0.350495 0.38133 
0.06 0.330095 0.350495 0.38133 
0.04 0.330095 0.350495 0.38133 
0.02 0.330095 0.350495 0.38133 
0 0.33025 0.352345 0.383985
-0.02 0.33025 0.352345 0.383985
-0.04 0.33025 0.352345 0.383985
-0.06 0.33025 0.352345 0.383985
-0.08 0.33025 0.352345 0.383985
-0.1 0.331335 0.353555 0.386115
-0.12 0.331335 0.353555 0.386115
-0.14 0.331335 0.353555 0.386115
-0.16 0.331335 0.353555 0.386115
-0.18 0.331335 0.353555 0.386115
-0.2 0.33334 0.35423 0.38793 
-0.22 0.33334 0.35423 0.38793 
-0.24 0.33334 0.35423 0.38793 
-0.26 0.33334 0.35423 0.38793 
-0.28 0.33334 0.35423 0.38793 
-0.3 0.33608 0.354575 0.38963 
-0.32 0.33608 0.354575 0.38963 
-0.34 0.33608 0.354575 0.38963 
-0.36 0.33608 0.354575 0.38963 
-0.38 0.33608 0.354575 0.38963 
-0.4 0.33928 0.354875 0.39135 
-0.42 0.33928 0.354875 0.39135 
-0.44 0.33928 0.354875 0.39135 
  203
-0.46 0.33928 0.354875 0.39135 
-0.48 0.33928 0.354875 0.39135 
-0.5 0.342615 0.35543 0.39314 
-0.52 0.342615 0.35543 0.39314 
-0.54 0.342615 0.35543 0.39314 
-0.56 0.342615 0.35543 0.39314 
-0.58 0.342615 0.35543 0.39314 
-0.6 0.345795 0.356475 0.39497 
-0.62 0.345795 0.356475 0.39497 
-0.64 0.345795 0.356475 0.39497 
-0.66 0.345795 0.356475 0.39497 
-0.68 0.345795 0.356475 0.39497 
-0.7 0.348605 0.3581 0.396775
-0.72 0.348605 0.3581 0.396775
-0.74 0.348605 0.3581 0.396775
-0.76 0.348605 0.3581 0.396775
-0.78 0.348605 0.3581 0.396775
-0.8 0.350925 0.360115 0.398445
-0.82 0.350925 0.360115 0.398445
-0.84 0.350925 0.360115 0.398445
-0.86 0.350925 0.360115 0.398445
-0.88 0.350925 0.360115 0.398445
-0.9 0.3527 0.362105 0.39995 
-0.92 0.3527 0.362105 0.39995 
-0.94 0.3527 0.362105 0.39995 
-0.96 0.3527 0.362105 0.39995 
-0.98 0.3527 0.362105 0.39995 
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